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ÊÐÀÒÍÛÅ, ÊÐÈÂÎËÈÍÅÉÍÛÅ È ÏÎÂÅÐÕÍÎÑÒÍÛÅ ÈÍÒÅÃÐÀËÛ.

ÇÀÄÀÍÈÅ 1.

Âû÷èñëèòü äâîéíîé èíòåãðàë
∫∫
D

(x−y) dxdy ïî îáëàñòè D , îãðàíè÷åííîé ëèíèÿìè

y = x2 − 1 , y = 3 .

ÐÅØÅÍÈÅ.

Íàéäåì êîîðäèíàòû òî÷åê ïåðåñå÷åíèÿ ëèíèé, ðåøèâ ñèñòåìó{
y = x2 − 1
y = 3

Òîãäà àáñöèññû òî÷åê ïåðåñå÷åíèÿ x = ±2 .
Ïîëó÷àåì:

∫∫
D

(x− y) dxdy =

2∫
−2

dx

3∫
x2−1

(x− y) dy =

=

2∫
−2

(
xy − y2

2

)∣∣∣∣3
x2−1

dx =

=

2∫
−2

(
3x− 9

2
− x(x2 − 1) +

1

2
(x2 − 1)2

)
dx =

=

(
x5

10
− x4

4
− x3

3
+ 2x2 − 4x

)∣∣∣∣2
−2

= −224

15
.

ÇÀÄÀÍÈÅ 2.

Ñ ïîìîùüþ òðîéíîãî èíòåãðàëà âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿ-

ìè z =
√

1− x2 − y2 ,
3

2
z = x2 + y2 .

ÐÅØÅÍÈÅ.
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z =
√

1− x2 − y2 � ïîëóñôåðà,
3

2
z = x2 + y2 � ïàðàáîëîèä âðàùåíèÿ (ðèñ. 2).

Ïåðåéäåì ê öèëèíäðè÷åñêèì êîîðäèíàòàì ïî ôîðìóëàì
x = r cos ϕ,
y = r sin ϕ,
z = z.

Òîãäà óðàâíåíèÿ ïîâåðõíîñòåé ïåðåïèøóòñÿ â âèäå z =
√

1− r2 è z =
2

3
r2 . Ïðî-

åêöèþ ëèíèè ïåðåñå÷åíèÿ ïîâåðõíîñòåé íà ïëîñêîñòü Oxy íàéäåì, èñêëþ÷àÿ z èç
ñèñòåìû {

z =
√

1− r2

z =
2

3
r2

Òîãäà
√

1− r2 =
2

3
r2 , îòêóäà z =

√
3

2
� ýòî óðàâíåíèå îêðóæíîñòè (ðèñ. 3).

Îáúåì òåëà ðàâåí

V =

∫∫∫
V

dxdydz =

√
3/2∫

0

r dr

2π∫
0

dϕ

√
1−r2∫

2
3
r2

dz =

√
3/2∫

0

r dr

2π∫
0

(√
1− r2 − 2

3
r2

)
dϕ =

=

√
3/2∫

0

2πr

(√
1− r2 − 2

3
r2

)
dr =

√
3/2∫

0

π
√

1− r2 dr2 −

√
3/2∫

0

4π

3
r3 dr =

= π

(
−2

3
(1− r2)3/2 − r4

3

)∣∣∣∣
√

3/2

0

= π

(
−2

3
· 1

8
+

2

3
− 3

16

)
=

19

48
π.

ÇÀÄÀÍÈÅ 3.

Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà
∫
L

arctg
y

x
dl , ãäå L � äóãà êàð-

äèîèäû ρ = (1 + cos ϕ) , 0 6 ϕ 6
π

2
.

ÐÅØÅÍÈÅ.

Íàéäåì äèôôåðåíöèàë äóãè â ïîëÿðíûõ êî-
îðäèíàòàõ ïî ôîðìóëå dl =

√
ρ2 + (ρ′)2 dϕ .

Òàê êàê ρ′ = − sin ϕ , òî

ρ2+(ρ′)2 = (1+cos ϕ)2+sin2 ϕ = 1+2 cos ϕ+1 =

= 2(1 + cos ϕ) = 4 cos2 ϕ

2
.

Òîãäà dl = 2 cos
ϕ

2
dϕ (ïðè 0 6 ϕ 6

π

2
cos

ϕ

2
> 0 ). Ïîëó÷àåì:

I =

∫
L

arctg
y

x
dl =

π/2∫
0

arctg
ρ sin ϕ

ρ cos ϕ
· 2 cos

ϕ

2
dϕ =

π/2∫
0

2ϕ cos
ϕ

2
dϕ.
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Èíòåãðèðóåì ïî ÷àñòÿì. Âîçüìåì u = ϕ , dv = cos
ϕ

2
dϕ . Òîãäà du = dϕ , v = 2 sin

ϕ

2
.

Ïîëó÷àåì:

I = 2

2 ϕ sin
ϕ

2

∣∣∣π/2

0
− 2

π/2∫
0

sin
ϕ

2
dϕ

 = 2

(
2 · π

2
·
√

2

2
+ 4 cos

$

2

∣∣∣π/2

0

)
= π

√
2+4

√
2−8.

ÇÀÄÀÍÈÅ 4.

Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà
∫
L

(xy − y2) dx + x dy , ãäå L �

îòðåçîê ïðÿìîé îò òî÷êè A(0, 0) äî òî÷êè B(1, 2) .

ÐÅØÅÍÈÅ.

Óðàâíåíèå ïðÿìîé AB : y = 2x . Òîãäà dy = 2 dx .
Ïàðàìåòð x ïðè ïåðåìåùåíèè îò òî÷êè A ê òî÷êå
B èçìåíÿåòñÿ îò 0 äî 1 (ðèñ. 5). Ïîëó÷àåì:

∫
L

(xy−y2) dx+x dy =

1∫
0

(x ·2x−(2x)2 +x ·2) dx =

=

1∫
0

(−2x2 + 2x) dx =

(
−2

3
x3 + x2

)∣∣∣∣1
0

=
1

3
.

ÇÀÄÀÍÈÅ 5.

Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë ïåðâîãî ðîäà
∫∫
S

√
1 + 4x2 + 4z2 dσ , ãäå S �

êîíå÷íàÿ ÷àñòü ïîâåðõíîñòè y = 2− x2 − z2 , îòñå÷åííàÿ ïëîñêîñòüþ y = 0 .

ÐÅØÅÍÈÅ.

Ïðîåêöèÿ ïàðàáîëîèäà íà ïëîñêîñòü Oxz � ýòî
êðóã x2 + z2 6 2 . íàéäåì äèôôåðåíöèàë ïëîùà-
äè ïîâåðõíîñòè dσ ïî ôîðìóëå:

dσ =
√

1 + (y′x)
2 + (y′z)

2 dxdz.

Òàê êàê y′x = −2x , y′z = −2z , òî

dσ =
√

1 + 4x2 + 4z2 dxdz.

Ïîëó÷àåì:
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I =

∫∫
S

√
1 + 4x2 + 4z2 dσ =

∫∫
Dxz

√
1 + 4x2 + 4z2 ·

√
1 + 4x2 + 4z2 dxdz =

=

∫∫
Dxz

(1 + 4x2 + 4z2) dxdz.

Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì ïî ôîðìóëàì x = r cos ϕ , z = r sin ϕ , dxdz =
r drdϕ , ïîëó÷àåì:

I =

2π∫
0

dϕ

√
2∫

0

(1+4r2)r dr =

2π∫
0

dϕ

√
2∫

0

(r+4r3) dr =

2π∫
0

dϕ (1 + 4r2)r
∣∣√2

0
dϕ =

2π∫
0

5 dϕ = 10π.

ÇÀÄÀÍÈÅ 6.

Âû÷èñëèòü ïîâåðõíîñòíûé èíòåãðàë âòîðîãî ðîäà∫∫
S

x2 dydz +2y2 dxdz− z dxdy, ãäå S � ÷àñòü ïî-

âåðõíîñòè ïàðàáîëîèäà z = x2 + y2 (íîðìàëüíûé
âåêòîð n êîòîðîé îáðàçóåò îñòðûé óãîë ñ îðòîì
k ), îòñåêàåìàÿ ïëîñêîñòüþ z = 1 .

ÐÅØÅÍÈÅ.

Ðàçîáüåì äàííûé èíòåãðàë â ñóììó òðåõ èíòåãðà-
ëîâ:

I =

∫∫
S

x2 dydz+2y2 dxdz−z dxdy =

∫∫
S

x2 dydz+

∫∫
S

2y2 dxdz−
∫∫
S

z dxdy = I1+I2+I3.

Ïðè âû÷èñëåíèè ïåðâîãî èíòåãðàëà ðàçîáüåì ïîâåðõíîñòü íà äâå ÷àñòè � ïåðåäíþþ
(x =

√
z − y2 ) è çàäíþþ (x = −

√
z − y2 ). Äëÿ ïåðåäíåé ÷àñòè íîðìàëüíûé âåêòîð

îáðàçóåò òóïîé óãîë ñ îñüþ Ox , à äëÿ çàäíåé � îñòðûé. Ïðîåêöèè îáåèõ ÷àñòåé
ïîâåðõíîñòè íà ïëîñêîñòü Oyz îäèíàêîâû. Ïîëó÷àåì:

I1 =

∫∫
S

x2 dydz = −
∫∫
Dyz

(z − y2) dydz +

∫∫
Dyz

(z − y2) dydz = 0.

Àíàëîãè÷íî, ïðè âû÷èñëåíèè âòîðîãî èíòåãðàëà, ïîâåðõíîñòü ðàçîáüåì íà äâå ÷àñòè
� ïðàâóþ ( y =

√
z − x2 , íîðìàëüíûé âåêòîð îáðàçóåò òóïîé óãîë ñ îñüþ Oy ) è

ëåâóþ ( y = −
√

z − x2 , íîðìàëüíûé âåêòîð îáðàçóåò îñòðûé óãîë ñ îñüþ Oy ). Òîãäà

I2 =

∫∫
S

2y2 dxdz = −
∫∫
Dxz

2(z − x2) dxdz +

∫∫
Dxz

2(z − x2) dxdz = 0.
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ïðîåêöèÿ ïîâåðõíîñòè íà ïëîñêîñòü Oxy � êðóã x2 + y2 6 1 . Òîãäà

I3 = −
∫∫
S

z dxdy = −
∫∫
Dxy

(x2 + y2) dxdy = −
2π∫
0

dϕ

1∫
0

r3 dr = − ϕ|2π
0

r4

4

∣∣∣∣1
)

= −π

2
.

Ïîëó÷àåì:
I = −π

2
.

ÒÅÎÐÈß ÂÅÐÎßÒÍÎÑÒÅÉ È ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÑÒÀÒÈÑÒÈÊÀ.

ÇÀÄÀÍÈÅ 7.

Â êîðîáêå øåñòü îäèíàêîâûõ, çàíóìåðîâàííûõ êóáèêîâ. Íàóäà÷ó ïî îäíîìó èçâëåêà-
þò âñå êóáèêè. Íàéòè âåðîÿòíîñòü òîãî, ÷òî íîìåðà èçâëå÷åííûõ êóáèêîâ ïîÿâÿòñÿ
â âîçðàñòàþùåì èëè óáûâàþùåì ïîðÿäêå.

ÐÅØÅÍÈÅ.

×èñëî âñåõ âîçìîæíûõ èñõîäîâ ðàâíî ÷èñëó ïåðåñòàíîâîê èç 6 êóáèêîâ, ò.å. n = 6! =
720 .
Áëàãîïðèÿòíûõ èñõîäîâ äâà (m = 2 ). Ïîýòîìó, ñîãëàñíî êëàññè÷åñêîìó îïðåäåëå-
íèþ, èñêîìàÿ âåðîÿòíîñòü ðàâíà

P =
m

n
=

2

720
=

1

360
= 0,00278.

ÇÀÄÀÍÈÅ 8.

Äëÿ ðàçðóøåíèÿ ìîñòà äîñòàòî÷íî ïîïàäàíèÿ îäíîé àâèàöèîííîé áîìáû. Íàéòè âå-
ðîÿòíîñòü òîãî, ÷òî ìîñò áóäåò ðàçðóøåí, åñëè íà íåãî ñáðîñèòü ÷åòûðå áîìáû, âå-
ðîÿòíîñòè ïîïàäàíèÿ êîòîðûõ ñîîòâåòñòâåííî ðàâíû 0,3; 0,4; 0,6; 0,7.

ÐÅØÅÍÈÅ.

Ðàññìîòðèì ñîáûòèÿ Ai = {i -ÿ áîìáà ïîïàëà â ìîñò. } , i = 1, 2, 3, 4 . Ïî óñëîâèþ
P (A1) = 0,3 , P (A2) = 0,4 , P (A3) = 0,6 , P (A4) = 0,7 .
Ñîáûòèå A = {ìîñò áóäåò ðàçðóøåí } . Ïðîòèâîïîëîæíîå ñîáûòèå A îçíà÷àåò, ÷òî
íè îäíà áîìáà íå ïîïàëà â ìîñò, ò.å. A = A1 ·A2 ·A3 ·A4 . Òàê êàê ñîáûòèÿ Ai ìîæíî
ñ÷èòàòü íåçàâèñèìûìè, òî ïî ôîðìóëå óìíîæåíèÿ âåðîÿòíîñòåé ïîëó÷àåì:

P (A) = P (A1)P (A2)P (A3)P (A4) = (1− P (A1))(1− P (A2))(1− P (A3))(1− P (A4)) =

= (1− 0,3)(1− 0,4)(1− 0,6)(1− 0,7) = 0,0504.

Òîãäà èñêîìàÿ âåðîÿòíîñòü ðàâíà

P (A) = 1− P (A) = 1− 0,0504 = 0,9496.

ÇÀÄÀÍÈÅ 9.
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Ïðè ïåðåäà÷å ñîîáùåíèé "òî÷êà"è "òèðå"ýòè ñèãíàëû âñòðå÷àþòñÿ â îòíîøåíèè 5:3.
Ñòàòèñòè÷åñêèå ñâîéñòâà ïîìåõ òàêîâû, ÷òî èñêàæàþòñÿ â ñðåäíåì 0,4 ñîîáùåíèé
"òî÷êà"è 1/3 ñîîáùåíèé "òèðå". Íàéòè âåðîÿòíîñòü òîãî, ÷òî ïðîèçâîëüíûé èç ïðè-
íÿòûõ ñèãíàëîâ íå èñêàæåí.

ÐÅØÅÍÈÅ.

Ïóñòü ñîáûòèå A = { ïðèíÿòûé ñèãíàë íå èñêàæåí } .
Ðàññìîòðèì ñîáûòèÿ:
H1 = { ïåðåäàí ñèãíàë "òî÷êà" } ;
H2 = { ïåðåäàí ñèãíàë "òèðå" } .
Ñîáûòèÿ H1 è H2 îáðàçóþò ïîëíóþ ãðóïïó ïîïàðíî íåñîâìåñòíûõ ñîáûòèé. P (H1) =
5

8
, P (H2) =

3

8
. Óñëîâíûå âåðîÿòíîñòè: P (A|H1) = 0,6 , P (A|H2) =

2

3
. Ïî ôîðìóëå

ïîëíîé âåðîÿòíîñòè íàõîäèì:

P (A) = P (H1)P (A|H1) + P (H2)P (A|H2) =
5

8
· 0,6 +

3

8
· 2

3
= 0,625.

ÇÀÄÀÍÈÅ 10.

Èçäåëèÿ íåêîòîðîãî ïðîèçâîäñòâà ñîäåðæàò 5% áðàêà. Íàéòè âåðîÿòíîñòü òîãî, ÷òî
ñðåäè ïÿòè âçÿòûõ íàóäà÷ó èçäåëèé: 1) îêàæåòñÿ äâà áðàêîâàííûõ èçäåëèÿ; 2) îêà-
æåòñÿ íå ìåíåå 3 áðàêîâàííûõ èçäåëèé.

ÐÅØÅÍÈÅ.

Çäåñü èìååòñÿ ñõåìà ïîâòîðíûõ íåçàâèñèìûõ èñïûòàíèé:

n = 5; p = 0,05; q = 1− p = 0,95.

Èñïîëüçóåì ôîðìóëó Áåðíóëëè:

Pn(m) = Cm
n pmqn−m.

1) P5(2) = C2
50,0520,953 = −,02143 .

2) A{ ñðåäè 5 èçäåëèé íå ìåíåå 3 áðàêîâàííûõ } . Ýòî îçíà÷àåò, ÷òî áðàêîâàííûõ
èçäåëèé ìîæåò áûòü 3, 4 èëè 5.

P (A) = P5(3) + P5(4) + P5(5) = C3
50,0540,952 + C4

50,0540,951 + C5
50,0550,950 = 0,001158.

ÇÀÄÀÍÈÅ 11.

Íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà X ïîä÷èíåíà çàêîíó ðàñïðåäåëåíèÿ ñ ïëîòíîñòüþ

f(x) =


0, ïðè x 6 −π

A cos2 x

2
, ïðè − π < x < 0

0, ïðè x > 0
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Òðåáóåòñÿ íàéòè çíà÷åíèå ïàðàìåòðà A , ôóíêöèþ ðàñïðåäåëåíèÿ F (x) , ìàòåìàòè÷å-
ñêîå îæèäàíèå M(X) , äèñïåðñèþ D(X) è ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå σ(X) ,

âåðîÿòíîñòü ïîïàäàíèÿ ÑÂ X â èíòåðâàë (−π

2
; 0) .

ÐÅØÅÍÈÅ.

Ñâîéñòâî ïëîòíîñòè:
+∞∫
−∞

f(x) dx = 1.

Íàõîäèì:

+∞∫
−∞

f(x) dx =

−π∫
−∞

0 dx +

0∫
−π

A cos2 x

2
dx +

+∞∫
0

0 dx =

=
A

2

0∫
−π

(1 + cos x) dx =
A

2
(x + sin x)|0−π =

Aπ

2
= 1.

Îòñþäà A =
2

π
.

Èòàê,

f(x) =


0, ïðè x 6 −π;

2

π
cos2 x

2
, ïðè − π < x < 0;

0, ïðè x > 0.

Ôóíêöèþ ðàñïðåäåëåíèÿ íàõîäèì ïî ôîðìóëå:

F (x) =

x∫
−∞

f(x) dx.

Åñëè x 6 −π , òî F (x) =

x∫
−∞

0 dx = 0 .

Åñëè −π < x 6 0 , òî

F (x) =

−π∫
−∞

0 dx+

x∫
−π

2

π
cos2 x

2
dx =

1

π

x∫
−π

(1+cos x) dx =
1

π
(x + sin x)|x−π =

1

π
(x+sin x+π).

Åñëè x > 0 , òî

F (x) =

−π∫
−∞

0 dx +

0∫
−π

2

π
cos2 x

2
dx +

x∫
0

0 dx = 1.

Èòàê,

F (x) =


0, ïðè x 6 −π;

1

π
(x + π + sin x), ïðè − π < x 6 0;

1, ïðè x > 0.
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Ãðàôèêè ôóíêöèé íà ðèñ. 8 è 9.

Ìàòåìàòè÷åñêîå îæèäàíèå:

M(X) =

+∞∫
−∞

xf(x) dx =

0∫
−π

2

π
x cos2 x

2
dx =

0∫
−π

1

π
x(1 + cos x) dx =

=
1

π

 x2

2

∣∣∣∣0
−π

+ x sin x|0−π −
0∫

−π

sin x dx

 =
1

π

(
−π2

2
+ cos x|0−π

)
= −π

2
+

2

π
≈ −0,9342.

Äèñïåðñèÿ:

D(X) = M(X2)− (M(X))2 =

+∞∫
−∞

x2f(x) dx− (M(X))2 =

=

0∫
−π

2

π
x2 cos2 x

2
dx−

(
−π

2
+

2

π

)2

=

0∫
−π

1

π
x2(1 + cos x) dx−

(
−π

2
+

2

π

)2

=

=
1

π

 x3

3

∣∣∣∣0
−π

+ x2 sin x
∣∣0
−π

−
0∫

−π

2x sin x dx

− 4

π2
− π2

4
+ 2 =

=
1

π

π3

3
+ 2x cos x|0−π − 2

0∫
−π

cos x dx

− 4

π2
− π2

4
+ 2 =

=
π2

3
− 2

π
· π − 2

π
sin x

∣∣∣∣0
−π

− 4

π2
− π2

4
+ 2 =

π2

12
− 4

π2
≈ 0,4172.

Ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå

σ(X) =
√

D(X) =
√

0,4172 = 0,6459.
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Âåðîÿòíîñòü:

P (X ∈ (−π

2
; 0)) =

0∫
−π/2

f(x) dx =

0∫
−π/2

2

π
cos2 x

2
dx =

=

0∫
−π/2

1

π
(1 + cos x) dx =

1

π
(x + sin x)

∣∣∣∣0
−π/2

= − 1

π

(
−π

2
− 1
)

=
1

2
+

1

π
≈ 0,8183.

ÇÀÄÀÍÈÅ 12.

Ïðèâîäÿòñÿ ðåçóëüòàòû èçìåðåíèÿ íåêîòîðîé ôèçè÷åñêîé âåëè÷èíû, êîòîðûå ðàñ-
ñìàòðèâàþòñÿ êàê n ðåàëèçàöèé ñëó÷àéíîé âåëè÷èíû X .

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
xi 21.4 22.8 28.1 29.4 28 24.4 23.7 23.6 23.8 22.4 31.9 23.4 23.2 19.3

Ñ÷èòàÿ, ÷òî ÑÂ X èìååò íîðìàëüíîå ðàñïðåäåëåíèå, íåîáõîäèìî:
1) Íàéòè òî÷å÷íûå íåñìåùåííûå îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ, äèñïåðñèè è
ñðåäíåãî êâàäðàòè÷åñêîãî îòêëîíåíèÿ ÑÂ X ;
2) Çàïèñàòü ïëîòíîñòü âåðîÿòíîñòè è ôóíêöèþ ðàñïðåäåëåíèÿ ÑÂ X ;
3) Íàéòè âåðîÿòíîñòü P (23 < X < 25) , èñïîëüçóÿ ôóíêöèþ Ëàïëàñà;
4) Íàéòè äîâåðèòåëüíûé èíòåðâàë, íàêðûâàþùèé ìàòåìàòè÷åñêîå îæèäàíèå ÑÂ X
ñ çàäàííîé âåðîÿòíîñòüþ γ = 1 − α = 0, 95 , ñ÷èòàÿ äèñïåðñèþ èçâåñòíîé è ðàâíîé
s2 ;
5) Íàéòè äîâåðèòåëüíûé èíòåðâàë, íàêðûâàþùèé ìàòåìàòè÷åñêîå îæèäàíèå ÑÂ X
ñ çàäàííîé âåðîÿòíîñòüþ γ = 1− α = 0, 95 , ñ÷èòàÿ äèñïåðñèþ íåèçâåñòíîé;
6) Íàéòè äîâåðèòåëüíûé èíòåðâàë äëÿ äèñïåðñèè è ñðåäíåãî êâàäðàòè÷åñêîãî îòêëî-
íåíèÿ ñ çàäàííîé âåðîÿòíîñòüþ γ = 1− α = 0, 95 ;
7) Íàéòè ìèíèìàëüíûé îáúåì âûáîðêè, ÷òîáû ñ äîâåðèòåëüíîé âåðîÿòíîñòüþ P =
1 − α = 0,95 ìîæíî áûëî óòâåðæäàòü, ÷òî âûáîðî÷íîå ñðåäíåå X̄ îöåíèâàåò ìà-
òåìàòè÷åñêîå îæèäàíèå MX ñ ïîãðåøíîñòüþ, íå ïðåâûøàþùåé ε = σ/4 (ñ÷èòàòü
äèñïåðñèþ èçâåñòíîé è ðàâíîé σ2 = s2 )

ÐÅØÅÍÈÅ.

1) Â êà÷åñòâå îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ âîçüìåì âûáîðî÷íîå ñðåäíåå:

â = x =
1

n

n∑
i=1

xi =
1

14
(21,4 + 22,8 + . . . ) = 24,671.

Âûáîðî÷íàÿ äèñïåðñèÿ:

σ2 =
1

n

n∑
i=1

x2
i − x2 =

1

14
(21,42 + 22,82 + . . . )− 24,6712 = 10,8835.

Èñïðàâëåííàÿ äèñïåðñèÿ:

s2 =
n

n− 1
σ2 =

14

13
· 10,8835 = 11,7207.
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Ñðåäíåå êâàäðàòè÷åñêîå îòêëîíåíèå:

σ̂ = s =
√

s2 = 3,4235.

2) Ïëîòíîñòü âåðîÿòíîñòè íîðìàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè a è σ èìååò
âèä:

f(x) =
1

σ
√

2π
e−

(x−a)2

2σ2 .

Â äàííîì ñëó÷àå

f(x) =
1

3,4235
√

2π
e
−

(x−24,671)2

23,4413 .

Ôóíêöèÿ ðàñïðåäåëåíèÿ èìååò âèä

F (x) =
1

2
+ Φ

(
x− a

σ

)
,

ãäå

Φ(t) =
1√
2π

t∫
0

e−x2/2 dx � ôóíêöèÿ Ëàïëàñà.

Â äàííîì ñëó÷àå

F (x) =
1

2
+ Φ

(
x− 24,671

3,4235

)
.

3) Äëÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ

P (α < X < β) = Φ

(
β − a

σ

)
− Φ

(
α− a

σ

)
.

Òîãäà

P (23 < X < 25) = Φ

(
25− 24,671

3,4235

)
− Φ

(
23− 24,671

3,4235

)
=

= Φ(0,096)− Φ(−0,488) = Φ(0,096) + Φ(0,488).

Èç òàáëèö äëÿ ôóíêöèè Ëàïëàñà íàõîäèì

Φ(0,096) = 0,0382;

Φ(0,488) = 0,1872.

Òîãäà
P (23 < X < 25) = 0,0382 + 0,1872 = 0,2254.

4) Â ñëó÷àå èçâåñòíîé äèñïåðñèè σ2 äîåðèòåëüíûé èíòåðâàë äëÿ ìàòåìàòè÷åñêîãî
îæèäàíèÿ èìååò âèä:

x− uγ
σ√
n

< a < x + uγ
σ√
n

.

Ïî äîâåðèòåëüíîé âåðîÿòíîñòè γ = 0,95 èç òàáëèöû íàõîäèì êâàíòèëü íîðìàëüíîãî
ðàñïðåäåëåíèÿ uγ = 1,96 . Òîãäà

24,671− 1,96
3,4235√

14
< a < 24,671 + 1,96

3,4235√
14

.
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Èëè
22,878 < a < 26,465.

5) Â ñëó÷àå íåèçâåñòíîé äèñïåðñèè σ2 äîåðèòåëüíûé èíòåðâàë äëÿ ìàòåìàòè÷åñêîãî
îæèäàíèÿ ïðèìåò âèä:

x− tγ
s√
n

< a < x + tγ
s√
n

.

tγ � êâàíòèëü ðàñïðåäåëåíèÿ Ñòüþäåíòà ñ n − 1 = 13 ñòåïåíÿìè ñâîáîäû. Èç òàá-
ëèöû íàõîäèì tγ = 2,16 . Òîãäà

24,671− 2,16
3,4235√

14
< a < 24,671 + 2,16

3,4235√
14

.

Èëè
22,695 < a < 26,648.

6) Äîâåðèòåëüíûé èíòåðâàë äëÿ äèñïåðñèè σ2 íîðìàëüíî ðàñïðåäåëåííîé ñëó÷àéíîé
âåëè÷èíû èìååò âèä:

(n− 1)s2

χ2
(1)

< σ2 <
(n− 1)s2

χ2
(2)

.

χ2
(1) è χ2

(2) � êâàíòèëè χ2 -ðàñïðåäåëåíèÿ ñ n − 1 = 13 ñòåïåíÿìè ñâîáîäû è α1 =
1− γ

2
=

0,05

2
= 0,025 è α2 =

1 + γ

2
=

1,95

2
= 0,975 . Â äàííîì ñëó÷àå èç òàáëèöû

íàõîäèì:

χ2
(1) = 24,7;

χ2
(2) = 5,01.

Ïîëó÷àåì:
13 · 11,7207

24,7
< σ2 <

13 · 11,7207

5,01
èëè

6,1687 < σ2 < 30,4129.

Òîãäà äîâåðèòåëüíûé èíòåðâàë äëÿ ñðåäíåãî êâàäðàòè÷åñêîãî îòêëîíåíèÿ èìååò âèä:

2,4837 < σ < 5,5148.

7) Ïîãðåøíîñòü îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ ε = uγ
σ√
n
Òàê êàê ïðè γ = 0,95

uγ = 1,96 , òî

1,96
σ√
n

<
σ

4
.

Îòñþäà
√

n > 1,96 · 4 èëè n > 61,47 . Çíà÷èò, ìèíèìàëüíûé îáúåì âûáîðêè ðàâåí
n = 62 .
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