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ÈÑÑËÅÄÎÂÀÍÈÅ ÔÓÍÊÖÈÉ ÎÄÍÎÉ ÏÅÐÅÌÅÍÍÎÉ

ÇÀÄÀÍÈÅ 1.

Ïðîâåñòè ïîëíîå èññëåäîâàíèå äâóõ ôóíêöèé è ïîñòðîèòü èõ ãðàôèêè.

à) y =

(
x− 3

x− 1

)2

.

ÐÅØÅÍÈÅ.

Îáëàñòü îïðåäåëåíèÿ ôóíêöèè D(y) = (−∞; 1) ∪ (1; +∞) .
Òàê êàê îáëàñòü îïðåäåëåíèÿ íåñèììåòðè÷íà îòíîñèòåëüíî íà÷àëà êîîðäèíàò,òî ôóíê-
öèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé.
Ôóíêöèÿ íåïåðèîäè÷åñêàÿ.
Ôóíêöèÿ ïðèíèìàåò òîëüêî íåîòðèöàòåëüíûå çíà÷åíèÿ.
Òî÷êè ïåðåñå÷åíèÿ ñ îñÿìè:
Ñ Ox : y = 0 ïðè x = 3 ;
Ñ Oy : y(0) = 9 .
x = 1 � òî÷êà ðàçðûâà.

lim
x→1+0

y(x) = lim
x→1+0

(
x− 3

x− 1

)2

= +∞;

lim
x→1−0

y(x) = lim
x→1−0

(
x− 3

x− 1

)2

= +∞.

Ïðÿìàÿ x = 1 � âåðòèêàëüíàÿ àñèìïòîòà.
Îïðåäåëèì íàêëîííûå àñèìïòîòû.

k = lim
x→∞

y

x
= lim

x→∞

(x− 3)2

x(x− 1)2
= lim

x→∞

x2 − 6x + 9

x3 − 2x2 + x
= lim

x→∞

1
x
− 6

x2 + 9
x3

1− 2
x

+ 1
x2

=
0

1
= 0.

b = lim
x→∞

(y − kx) = lim
x→∞

(
x− 3

x− 1

)2

= lim
x→∞

(
1− 3

x

1− 1
x

)2

= 1.

Ïðÿìàÿ y = 1 � ãîðèçîíòàëüíàÿ àñèìïòîòà ïðè x → +∞ è x → −∞ .

y′ = 2
x− 3

x− 1
· x− 1− (x− 3)

(x− 1)2
= 2

2(x− 3)

(x− 1)3
= 4

x− 3

(x− 1)3
.

y′ = 0 ïðè x = 3 .
y′ íå îïðåäåëåíà ïðè x = 1 .
Çíàêè y′ :

Ôóíêöèÿ âîçðàñòàåò íà èíòåðâàëàõ (−∞; 1) è (3; +∞) . Ôóíêöèÿ óáûâàåò íà èíòåð-
âàëå (1; 3) .
x = 3 � òî÷êà ìèíèìóìà. y(3) = 0 .
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y′′ = 4 · (x− 1)3 − 3(x− 1)2(x− 3)

(x− 1)6
= 4

x− 1− 3x + 9

(x− 1)4
= 4

8− 2x

(x− 1)4
= 8

4− x

(x− 1)4
.

y′′ = 0 ïðè x = 4 .
y′′ íå îïðåäåëåíà ïðè x = 1 .
Çíàêè y′′ :

Ôóíêöèÿ âûïóêëà âíèç íà èíòåðâàëàõ (−∞; 1) è (1; 4) . Ôóíêöèÿ âûïóêëà ââåðõ íà
èíòåðâàëå (4; +∞) .

x = 4 � òî÷êà ïåðåãèáà. y(4) =
1

9
; y′(4) =

4

27
.

Ãðàôèê ïðèâåäåí íà ðèñ. 3.

á) y = x− ln(1 + x2) .

ÐÅØÅÍÈÅ.

Îáëàñòü îïðåäåëåíèÿ ôóíêöèè D(y) = (−∞; +∞) .

y(−x) = −x− ln(1 + (−x)2) = −x− ln(1 + x2)

y(−x) 6= y(x) , y(−x) 6= −y(x) . Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé.
Ôóíêöèÿ íåïåðèîäè÷åñêàÿ.
Òî÷êè ïåðåñå÷åíèÿ ñ îñÿìè:
Ñ Ox : y = 0 , ò.å. x− ln(1 + x2) = 0 . Åäèíñòâåííîå ðåøåíèå ýòîãî óðàâíåíèÿ x = 0 .
Çíà÷èò, ãðàôèê ôóíêöèè ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò , è â äðóãèõ òî÷êàõ îñè
êîîðäèíàò íå ïåðåñåêàåò.
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Òàê êàê ôóíêöèÿ íåïðåðûâíà íà âñåé ÷èñëîâîé îñè, òî åå ãðàôèê âåðòèêàëüíûõ
àñèìïòîò íåå èìååò.
Îïðåäåëèì íàêëîííûå àñèìïòîòû.

k = lim
x→∞

y

x
= lim

x→∞

x− ln(1 + x2)

x
= lim

x→∞

(
1− ln(1 + x2)

x

)
.

Èñïîëüçóåì ïðàâèëî Ëîïèòàëÿ:

lim
x→∞

ln(1 + x2)

x
= lim

x→∞

2x

(1 + x2) · 1
= lim

x→∞

2
x

1
x2 + 1

= 0

Çíà÷èò, k = 1 .

b = lim
x→∞

(y − kx) = lim
x→∞

(x− ln(1 + x2)− x) = lim
x→∞

(− ln(1 + x2)) = ∞.

Ãðàôèê ôóíêöèè íàêëîííûõ àñèìïòîò íå èìååò.

y′ = 1− 2x

1 + x2
=

1 + x2 − 2x

1 + x2
=

(x− 1)2

1 + x2
.

y′ = 0 ïðè x = 1 .
Ïðîèçâîäíàÿ îïðåäåëåíà âî âñåõ òî÷êàõ îáëàñòè îïðåäåëåíèÿ.
Çíàêè y′ :

Ôóíêöèÿ âîçðàñòàåò íà âñåé îáëàñòè îïðåäåëåíèÿ. Ýêñòðåìóìîâ íå èìååò.

y′′ = −2
1 + x2 − 2x2

(1 + x2)2
= −2

1− x2

(1 + x2)2
=

2(x− 1)(x + 1)

(x2 + 1)2
.

y′′ = 0 ïðè x = 1 è x = −1 .
y′′ îïðåäåëåíà âî âñåõ òî÷êàõ îáëàñòè îïðåäåëåíèÿ.
Çíàêè y′′ :

Ôóíêöèÿ âûïóêëà âíèç íà èíòåðâàëàõ (−∞;−1) è (1; +∞) . Ôóíêöèÿ âûïóêëà ââåðõ
íà èíòåðâàëå (−1; 1) .
x = −1 è x = 1 � òî÷êè ïåðåãèáà.
y(−1) = −1− ln 2 ≈ −1,69 ; y′(−1) = 1 .
y(1) = 1− ln 2 ≈ 0,31 ; y′(1) = 0 .
Ãðàôèê ïðèâåäåí íà ðèñ. 6.
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ÇÀÄÀÍÈÅ 2.

Íà ñòðàíèöå êíèãè ïå÷àòíûé òåêñò äîëæåí çàíèìàòü S êâàäðàòíûõ ñàíòèìåòðîâ.
Âåðõíåå è íèæíåå ïîëÿ äîëæíû áûòü ïî a ñì, ïðàâîå è ëåâîå � ïî b ñì. Åñëè ïðè-
íèìàòü âî âíèìàíèå òîëüêî ýêîíîìèþ áóìàãè, òî êàêèìè äîëæíû áûòü íàèáîëåå
âûãîäíûå ðàçìåðû ñòðàíèöû?

ÐÅØÅÍÈÅ.

Ïóñòü ðàçìåðû ïå÷àòíîãî òåêñòà x è y ñì (ðèñ.7). Òîãäà åãî ïëîùàäü S = xy .

Îòñþäà y =
S

x
. Ïëîùàäü ñòðàíèöû

T = (x + 2b)(y + 2a)

èëè

T (x) = (x + 2b)(
S

x
+ 2a) = S +

2bS

x
+ 2ax + 2ab.

Èññëåäóåì ýòó ôóíêöèþ íà ýêñòðåìóì. Íàéäåì ïðîèçâîäíóþ:

T ′(x) = −2bS

x2
+ 2a.

T ′(x) = 0 ïðè x =

√
bS

a
(ó÷èòûâàÿ, ÷òî x > 0 ). Óáåäèìñÿ,

÷òî â ýòîé òî÷êå äîñòèãàåòñÿ ìèíèìóì ôóíêöèè T . Äëÿ ýòîãî
íàéäåì âòîðóþ ïðîèçâîäíóþ:

T ′′(x) =
4bS

x3
.
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Òîãäà

T ′′

(√
bS

a

)
=

4bSa
√

a

bS
√

bS
= 4

√
a

bS
> 0.

Çíà÷èò, â ýòîé òî÷êå äåéñòâèòåëüíî äîñòèãàåòñÿ ìèíèìóì ôóíêöèè T (x) .

Ðàçìåðû áóìàãè: øèðèíà

√
bS

a
+ 2b ñì, âûñîòà

√
Sa

b
+ 2a ñì.

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÈÑ×ÈÑËÅÍÈÅ ÔÓÍÊÖÈÉ ÌÍÎÃÈÕ ÏÅÐÅÌÅÍÍÛÕ.

ÇÀÄÀÍÈÅ 3.

Íàéòè ïîëíûé äèôôåðåíöèàë dz äàííîé ôóíêöèè

z = arctg
y

x
.

ÐÅØÅÍÈÅ. Ïîëíûé äèôôåðåíöèàë ôóíêöèè äâóõ ïåðåìåííûõ èìååò âèä:

dz =
∂z

∂x
dx +

∂z

∂y
dy.

Íàõîäèì:

∂z

∂x
=

1

1 +
(

y
x

)2 · −y

x2
=

−y

x2 + y2
,

∂z

∂y
=

1

1 +
(

y
x

)2 · 1

x
=

x

x2 + y2
.

Çíà÷èò,

dz =
−y

x2 + y2
dx +

x

x2 + y2
dy =

−y dx + x dy

x2 + y2
.

ÇÀÄÀÍÈÅ 4.

Ïîêàçàòü, ÷òî ôóíêöèÿ z = arccos

√
x

y
óäîâëåòâîðÿåò óðàâíåíèþ

∂2z

∂x∂y
− ∂2z

∂y∂x
= 0.

ÐÅØÅÍÈÅ.
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Ïîñëåäîâàòåëüíî íàõîäèì:

∂z

∂x
= − 1√

1− x
y

· 1

2
·
√

y

x
· 1

y
= −1

2
· 1√

x(y − x)
;

∂z

∂y
= − 1√

1− x
y

· 1

2
·
√

y

x
·
(
− x

y2

)
=

1

2
·

√
x

y
√

y − x
.

∂2z

∂x∂y
= − 1

2
√

x
·
(
−1

2

)
· 1√

(y − x)3
=

1√
x(y − x)3

;

∂2z

∂y∂x
=

1

2y
·

1
2
√

x
·
√

y − x +
√

x
2
√

y−x

y − x
=

y − x + x

4y
√

x(y − x)3
=

1√
x(y − x)3

.

Âèäèì, ÷òî
∂2z

∂x∂y
=

∂2z

∂y∂x
.

À ýòî è îçíà÷àåò, ÷òî ôóíêöèÿ óäîâëåòâîðÿåò çàäàííîìó óðàâíåíèþ.

ÇÀÄÀÍÈÅ 5.

à) Íàéòè óêàçàííûå ïðîèçâîäíûå äàííîé ñëîæíîé ôóíêöèè.

z = cos2(x− 2y) , ãäå x = eu/v , y = ln(uv) .
∂z

∂u
=? ,

∂z

∂v
=?

ÐÅØÅÍÈÅ.

Ïðîèçâîäíûå ñëîæíîé ôóíêöèè íàéäåì ïî ôîðìóëàì:

∂z

∂u
=

∂z

∂x
· ∂x

∂u
+

∂z

∂y
· ∂y

∂u
;

∂z

∂v
=

∂z

∂x
· ∂x

∂v
+

∂z

∂y
· ∂y

∂v
.

Íàõîäèì âñå ÷àñòíûå ïðîèçâîäíûå, âõîäÿùèå â ýòè ðàâåíñòâà.

∂z

∂x
= 2 cos(x− 2y) · (− sin(x− 2y)) = − sin(2x− 4y);

∂z

∂y
= 2 cos(x− 2y) · (− sin(x− 2y))(−2) = 2 sin(2x− 4y).

∂x

∂u
= eu/v 1

v
;

∂x

∂v
= eu/v

(
− u

v2

)
;

∂y

∂u
=

1

u
;

∂y

∂v
=

1

v
.

Òîãäà

∂z

∂u
= − sin(2x− 4y)eu/v 1

v
+ 2 sin(2x− 4y)

1

u
= sin(2eu/v − 4 ln(uv))

(
−1

v
eu/v +

2

u

)
;

∂z

∂v
= − sin(2x− 4y)eu/v

(
− u

v2

)
+ 2 sin(2x− 4y)

1

v
= sin(2eu/v − 4 ln(uv))

(
u

v2
eu/v +

2

v

)
.
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á) Íàéòè
dy

dx
îò ôóíêöèè y = f(x) , çàäàííîé óðàâíåíèåì arctg

x + y

2
− y

2x
= 0 .

ÐÅØÅÍÈÅ.

Ïðîèçâîäíóþ îò íåÿâíîé ôóíêöèè äâóõ ïåðåìåííûõ, çàäàííîé óðàâíåíèåì F (x, y) =
0 , íàõîäèì ïî ôîðìóëå:

dy

dx
= −F ′x

F ′y
.

Â äàííîì ñëó÷àå íàõîäèì:

F ′x =
1

1 +
(

x+y
2

)2 · 1

2
+

y

2x2
=

2

4 + (x + y)2
+

y

2x2
=

4x2 + y(4 + x2 + y2 + 2xy)

2x2(4 + (x + y)2)
=

=
4x2 + 4y + x2y + y3 + 2xy2

2x2(4 + (x + y)2)
;

F ′y =
1

1 +
(

x+y
2

)2 · 1

2
− 1

2x
=

2

4 + (x + y)2
− 1

2x
=

4x− 4− x2 − y2 − 2xy

2x(4 + (x + y)2)
;

Òîãäà

dy

dx
= −4x2 + 4y + x2y + y3 + 2xy2

2x2(4 + (x + y)2)
· 2x(4 + (x + y)2)

4x− 4− x2 − y2 − 2xy
=

4x2 + 4y + x2y + y3 + 2xy2

x(−4x + 4 + x2 + y2 + 2xy)
.

ÇÀÄÀÍÈÅ 6.

Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèþ z = x2y3(6− x− y) (x > 0 ; y > 0 ).

ÐÅØÅÍÈÅ.

Îïðåäåëèì ñòàöèîíàðíûå òî÷êè, ðåøèâ ñèñòåìó óðàâíåíèé
∂z

∂x
= 0

∂z

∂y
= 0

Íàõîäèì:

∂z

∂x
= 2xy3(6− x− y)− x2y3 = xy3(12− 3x− 2y);

∂z

∂y
= 3y2x2(6− x− y)− x2y3 = x2y2(18− 3x− 4y).

Ïîëó÷àåì ñèñòåìó: {
xy3(12− 3x− 2y) = 0

x2y2(18− 3x− 4y) = 0

Òàê êàê ïî óñëîâèþ x > 0 , y > 0 , òî åäèíñòâåííûì ðåøåíèåì ýòîé ñèñòåìû ÿâëÿåòñÿ
x = 2 , y = 3 .
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Èòàê, M(2, 3) � ñòàöèîíàðíàÿ òî÷êà.
Íàõîäèì âòîðûå ïðîèçâîäíûå:

∂2z

∂x2
= y3(12− 3x− 2y)− 3xy3 = y3(12− 6x− 2y);

∂2z

∂y2
= 2x2y(18− 3x− 4y)− 4x2y2 = 2x2y(18− 3x− 6y);

∂2z

∂x∂y
= 3xy2(12− 3x− 2y)− 2xy3 = xy2(36− 9x− 8y).

Òîãäà

A =
∂2z

∂x2

∣∣∣∣
M

= −162;

C =
∂2z

∂y2

∣∣∣∣
M

= −144;

B =
∂2z

∂x∂y

∣∣∣∣
M

= −108.

Âû÷èñëÿåì ∆ = AC − B2 = 11664 . Òàê êàê ∆ > 0 , òî M � òî÷êà ýêñòðåìóìà
ôóíêöèè f . Òàê êàê A < 0 , òî ýòî òî÷êà ìàêñèìóìà.
Èòàê, M(2, 3) � òî÷êà ìàêñèìóìà ôóíêöèè f(x, y) , zmax = 108 .

ÈÍÒÅÃÐÀËÜÍÎÅ ÈÑ×ÈÑËÅÍÈÅ ÔÓÍÊÖÈÉ ÎÄÍÎÉ ÏÅÐÅÌÅÍÍÎÉ.

ÇÀÄÀÍÈÅ 7.

Íàéòè íåîïðåäåëåííûå èíòåãðàëû. Ðåçóëüòàò ïðîâåðèòü äèôôåðåíöèðîâàíèåì.

à)
∫

x3 5
√

7− 2x4 dx.

ÐÅØÅÍÈÅ.

∫
x3 5
√

7− 2x4 dx = −1

8

∫
(7− 2x4)1/5(−8x3) dx = −1

8

∫
(7− 2x4)1/5 d(7− 2x4) =

= −1

8
· 1

6/5
(7− 2x4)6/5 + C = − 5

48
5
√

(7− 2x4)6 + C.

Ïðîâåðêà:(
− 5

48
5
√

(7− 2x4)6 + C

)′
= − 5

48
· 6

5
(7− 2x4)1/5(−8x3) = x3 5

√
7− 2x4.

Âåðíî.

á)
∫

sin3 5x dx.
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ÐÅØÅÍÈÅ.

∫
sin3 5x dx =

∫
sin2 5x · sin 5x dx = −1

5

∫
(1− cos2 5x) d cos 5x =

= −1

5
(cos 5x− 1

3
cos3 5x) + C = −1

5
cos 5x +

1

15
cos3 5x + C.

Ïðîâåðêà:(
−1

5
cos 5x +

1

15
cos3 5x + C

)′
= −1

5
· 5(− sin 5x) +

1

15
· 3 cos2 5x(− sin 5x) · 5 =

= sin 5x− sin 5x · cos2 5x = sin 5x(1− cos2 5x) = sin3 5x.

Âåðíî.

ÇÀÄÀÍÈÅ 8.

Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë:∫
−2x3 + 11x2 − 6x− 14

(x2 + 4)(x− 3)2
dx.

ÐÅØÅÍÈÅ.

Äðîáü ïðàâèëüíàÿ. Ðàçëîæèì åå â ñóììó ïðîñòåéøèõ äðîáåé.

−2x3 + 11x2 − 6x− 14

(x2 + 4)(x− 3)2
=

ax + b

x2 + 4
+

c

x− 3
+

d

(x− 3)2
. (1)

Ïðèâåäåì äðîáè â ïðàâîé ÷àñòè ðàâåíñòâà (1) ê îáùåìó çíàìåíàòåëþ. Òîãäà îáùèé
çíàìåíàòåëü (x2 + 4)(x − 3)2 ñîâïàäàåò ñî çíàìåíàòåëåì äðîáè â ëåâîé ÷àñòè (1).
Ïðèðàâíèâàÿ ÷èñëèòåëè, íàõîäèì

−2x3 + 11x2 − 6x− 14 = (ax + b)(x− 3)2 + c(x− 3)(x2 + 4) + d(x2 + 4).

Ðàñêðûâàåì ñêîáêè è ñîáèðàåì ñëàãàåìûå ñ îäèíàêîâûìè ñòåïåíÿìè x :

(ax+b)(x−3)2+c(x−3)(x2+4)+d(x2+4) = (ax+b)(x2−6x+9)+c(x−3)(x2+4)+dx2+4d =

= ax3 + bx2 − 6ax2 − 6bx + 9ax + 9b + cx3 − 3cx2 + 4cx− 12c + dx2 + 4d =

= (a+c)x3+(−6a+b−3c+d)x2+(9a−6b+4c)x+(9b−12c+4d) = −2x3+11x2−6x−14.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x , ïîëó÷àåì ñèñòåìó:

a + c = −2
−6a + b− 3c + d = 11

9a− 6b + 4c = −6
9b− 12c + 4d = −14

10



Ðåøàÿ ýòó ñèñòåìó, íàõîäèì: a = −2 , b = −2 , c = 0 , d = 1 . Ïîëó÷àåì

−2x3 + 11x2 − 6x− 14

(x2 + 4)(x− 3)2
=
−2x− 2

x2 + 4
+

1

(x− 3)2
.

Òåïåðü íàõîäèì èíòåãðàë:∫
−2x3 + 11x2 − 6x− 14

(x2 + 4)(x− 3)2
dx =

∫ (
−2x− 2

x2 + 4
+

1

(x− 3)2

)
dx =

= −
∫

d(x2 + 4)

x2 + 4
− 2

∫
dx

x2 + 4
+

∫
dx

(x− 3)2
= ln(x2 + 4)− arctg

x

2
− 1

x− 3
+ C.

ÇÀÄÀÍÈÅ 9.

Âû÷èñëèòü îïðåäåëåííûå èíòåãðàëû.

à)

π/2∫
0

(4x2 − 4x + 5) cos 6x dx.

ÐÅØÅÍÈÅ.

Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì

b∫
a

u dv = uv|ba −
b∫

a

v du.

Ïðèìåì u = 4x2 − 4x + 5 , dv = cos 6x dx . Òîãäà du = (8x − 4) dx , v =
1

6
sin 6x .

Ïîëó÷àåì

π/2∫
0

(4x2 − 4x + 5) cos 6x dx = (4x2 − 4x + 5) · 1

6
sin 6x

∣∣∣∣π/2

0

− 1

6

π/2∫
0

(8x− 4) sin 6x dx =

=

(
4 · π2

4
− 4

π

2
+ 5

)
· 1
6
· sin 3π− 0− 2

3

π/2∫
0

(2x− 1) sin 6x dx = −2

3

π/2∫
0

(2x− 1) sin 6x dx

Åùå ðàç èíòåãðèðóåì ïî ÷àñòÿì. Âîçüìåì u = 2x−1 , dv = sin 6x dx . Òîãäà du = 2 dx ,

v = −1

6
cos 6x . Ïîëó÷àåì

π/2∫
0

(4x2 − 4x + 5) cos 6x dx = −2

3

−1

6
(2x− 1) cos 6x|π/2

0 +
1

6

π/2∫
0

2 cos 6x dx

 =

= −2

3

(
−1

6

(
2 · π

2
− 1
)

cos 3π +
1

6
(0− 1) cos 0 +

1

3
· 1

6
sin 6x|π/2

0

)
=

= −2

3

(
1

6
(π − 1)− 1

6
− 0

)
=

2− π

9
.
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á)

5∫
0

x2
√

25− x2 dx.

ÐÅØÅÍÈÅ.

Ñäåëàåì çàìåíó ïåðåìåííîé x = 5 sin t . Òîãäà dx = 5 cos t dt . Åñëè x1 = 0 , òî t1 = 0 ,
åñëè x2 = 5 , òî t2 =

π

2
. Ïîëó÷àåì:

5∫
0

x2
√

25− x2 dx =

π/2∫
0

25 sin2 t
√

25− 25 sin2 t 5 cos t dt =

π/2∫
0

625 sin2 t cos2 t dt =

=
625

4

π/2∫
0

sin2 2t dt =
625

8

π/2∫
0

(1− cos 4t) dt =
625

8

(
t− 1

4
sin 4t

)∣∣∣∣π/2

0

=
625π

16
.

ÇÀÄÀÍÈÅ 10.

Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë:

2 arctg 1/2∫
2 arctg 1/3

dx

sin x(1− sin x)
.

ÐÅØÅÍÈÅ.

Ñäåëàåì çàìåíó ïåðåìåííîé t = tg
x

2
. Òîãäà sin x =

2t

t2 + 1
; dx =

2 dt

t2 + 1
. Åñëè

x1 = 2 arctg 1/3 , òî t1 =
1

3
; åñëè x2 = 2 arctg 1/2 , òî t2 =

1

2
. Ïîëó÷àåì:

I =

2 arctg 1/2∫
2 arctg 1/3

dx

sin x(1− sin x)
=

1/2∫
1/3

2(t2 + 1)dt

(t2 + 1) · 2t
(
1− 2t

t2+1

) =

=

1/2∫
1/3

(t2 + 1) dt

t(t2 − 2t + 1)
=

1/2∫
1/3

(t2 + 1) dt

t(t− 1)2
.

Ðàçëîæèì äðîáü â ñóììó ïðîñòåéøèõ äðîáåé:

(t2 + 1) dt

t(t− 1)2
=

a

t
+

b

t− 1
+

c

(t− 1)2
. (2)

Ïðèâîäÿ äðîáè â ïðàâîé ÷àñòè (2) ê îáùåìó çíàìåíàòåëþ, è ïðèðàâíèâàÿ ÷èñëèòåëè,
íàõîäèì:

t2 + 1 = a(t− 1)2 + bt(t− 1) + ct.

12



Ïîäñòàâëÿåì ïîñëåäîâàòåëüíî ðàçëè÷íûå çíà÷åíèÿ t :

t = 0 : 1 = a,
t = 1 : 2 = c,
t = 2 : 5 = a + 2b + 2c.

Òîãäà a = 1 , b = 0 , c = 2 . Ïîëó÷àåì:

(t2 + 1) dt

t(t− 1)2
=

1

t
+

2

(t− 1)2
.

Âîçâðàùàÿñü ê èíòåãðàëó, íàõîäèì:

I =

1/2∫
1/3

(
1

t
+

2

(t− 1)2

)
=

(
ln |t| − 2

t− 1

)∣∣∣∣1/2

1/3

= ln
1

2
−ln

1

3
− 2

1/2− 1
+

2

1/3− 1
= 1+ln

3

2
.

ÇÀÄÀÍÈÅ 11.

Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû èëè äîêàçàòü èõ ðàñõîäèìîñòü.

à)

∞∫
1

1 + 2x2

x2(1 + x2)
dx.

ÐÅØÅÍÈÅ.

∞∫
1

1 + 2x2

x2(1 + x2)
dx = lim

b→∞

b∫
1

1 + x2 + x2

x2(1 + x2)
dx = lim

b→∞

b∫
1

(
1

x2
+

1

x2 + 1

)
dx =

= lim
b→∞

(
−1

x
+ arctg x

)∣∣∣∣b
1

= lim
b→∞

(
−1

b
+ 1 + arctg b− π

4

)
= 0 + 1 +

π

2
− π

4
=

π

4
+ 1.

á)

1∫
0

2x dx√
1− x4

.

ÐÅØÅÍÈÅ.

1∫
0

2x dx√
1− x4

= lim
b→1

b∫
0

2x dx√
1− x4

= lim
b→1

b∫
0

dx2

√
1− x4

= lim
b→1

arcsin x2|b0 = lim
b→1

arcsin b2 =
π

2
.

ÇÀÄÀÍÈÅ 12.

Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè r = 2 cos ϕ , r = 2
√

3 sin ϕ ,
(0 6 ϕ 6 π/2) .

ÐÅØÅÍÈÅ.
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Óðàâíåíèÿ çàäàþò äâå îêðóæíîñòè. Òî÷êó èõ
ïåðåñå÷åíèÿ íàéäåì, ðåøèâ ñèñòåìó{

r = 2 cos ϕ

r r 2
√

3 sin ϕ

Òîãäà 2 cos ϕ = 2
√

3 sin ϕ . Îòñþäà tgϕ =
1√
3
,

èëè ϕ =
π

6
.

Ïëîùàäü ôèãóðû S ðàâíà ñóììå äâóõ ïëî-
ùàäåé S = S1 + S2 (ñì. ðèñ. 8). Èñïîëüçóåì
ôîðìóëó äëÿ âû÷èñëåíèÿ ïëîùàäè â ïîëÿð-
íûõ êîîðäèíàòàõ

S =
1

2

β∫
α

r2 dϕ.

Òîãäà

S1 =

π/6∫
0

1

2
(2
√

3 sin ϕ)2 dϕ = 6

π/6∫
0

sin2 ϕ dϕ = 3

π/6∫
0

(1− cos 2ϕ) dϕ =

= 3

(
ϕ− 1

2
sin 2ϕ

)∣∣∣∣π/6

0

= 3

(
π

6
−
√

3

4

)
=

π

2
− 3

√
3

4
.

S2 =

π/2∫
π/6

1

2
(2 cos ϕ)2 dϕ = 2

π/2∫
π/6

cos2 ϕ dϕ =

π/2∫
π/6

(1 + cos 2ϕ) dϕ =

=

(
ϕ +

1

2
sin 2ϕ

)∣∣∣∣π/2

π/6

=
π

3
−
√

3

4
.

Ïîëó÷àåì

S = S1 + S2 =
π

2
− 3

√
3

4
+

π

3
−
√

3

4
=

5π

6
−
√

3.
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