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NCCJAEJTOBAHUE ®YHKIINN OTHON TEPEMEHHOIT
3AJIAHUE 1.

[IpoBecTu moJsiHOE UccaegOBaHue IBYX (DYHKIUNA U TOCTPOUTH UX I'pahuKH.

2) y = (ij’)Q

PEIIEHUE.

O6aacte onpegeserns dbyukmun D(y) = (—oo; 1) U (1;400) .

Taxk kak 06/1acTh onpeieIeHus HeCHMMETPUIHA OTHOCUTEILHO HadaJia KOOPAUHAT, TO (DY HK-
U4 He dBJdeTCd HU YeTHON, HU HeYeTHOM.

QyHKIMS HEIIePUOMIECKas.

@yHKIN TPHHUMAET TOJBKO HEOTPUIATeIbHbIE 3HAYEHUSI.

Touku mepecevyeHnst ¢ OCAMMI:

COx: y=0 upn z =3,

C Oy: y(0)=9.

r =1 — TOuKa pa3pbiBa.

2
r—3
I = i = t00;
A, vle) = lim, ( - 1) oo
2
. . x—3
Jip )= g (57) =
Ilpsgmag x = 1 — BepTUKAJbHAA ACAMIITOTA.
OnpeenaM HaKJIOHHBIE aCUMIITOTHI.
oy (=32 a?—6r4+9 ot 0
k=Ilm>=1lm ——=Ilim ——— = lim &2 £ =—-=0
oo z—oox(r—1)2 e—ooxd —222+ 1 z—ooo 1— % + I% 1
2 3\ 2
x—3 1—-=
b= li —kx) =1l =1 ] =1.
Jim (y = ko) = lim ( = 1) Jim, (1 = )

[Ipamasg y = 1 — ropusoHTaJbHAs ACUMITOTA IIPU T — +00 U T — —0OQ.

-3 z—1—-(x-3) 2«z-3)  x-3
r—1 (x —1)2 _2(33—1)3 _4(17—1)3’

y =2

y =0 npu x =3.
Yy He onpejeseHa npu xr = 1.
Buaku Y :

+ =+
N

Puc. |

DyuKIys Bo3pacTaeT Ha uaTepBajgax (—oo;1) u (3;400). Oyukius yobIBaeT Ha HHTEP-
Baste (1;3).
x =3 — Touka MuanMyMma. y(3) =0.



(z —1)° - @-Dt @Dt (@t

y—g @V 8@ Vw=3) o-1-3c+0 82 4—z

y'=0 npu x =4.
y” He ompeneyeHa npu r = 1.
Buaku y”:

+  + -

VEEVIRES

Puc. 2

DyHKIHs BHIYKJIa BHA3 HA uHTepBastax (—oo;1) u (1;4). OyHKIms BHIIYKIA BBEPX HA
uaTepBase (4;400).

1
x =4 — rouka nepernba. y(4) = g’ y(4) =—=.

['pacduk mpupeneH Ha puc. 3.

y
9
1
N~
Ol 1 3 4 X

Puc.3

6) y=x—1In(l+2?%).
PEIIEHUIE.

O6usacts onpegenenust dyukuuu D(y) = (—oo; +00) .

y(—z) = —x —In(1 + (—2)%) = —z — In(1 + 2?)
y(—x) #y(z), y(—x) # —y(r). Oyukius He sABIAETCS HU YETHOMN, HU HEYETHOH.
DyHKIUA HEIIePHOITICCKASL.
Touku mepecevyeHnst ¢ OCAMMI:
C Or: y=0, re. x—1In(1+2?) =0. Equncrsennoe pemenne 3Toro ypasienus r = 0.
Buaunt, rpaduk GYHKIMHE TPOXOAUT Yepe3 HAYAJ0 KOOPAUHAT , ¥ B APYIUX TOYKAX OCH
KOOPJINHAT HE IIePECEKACT.



Tak kak (pyHKIMS HelnpepbiBHA Ha BCeil 4YUC/I0BON ocu, TO ee rpapuk BePTUKAJJIHHBIX
aCUMITOT HEe UMEeT.
OrmpenenuM HaAKJTOHHBIE ACHUMIITOTHI.
2 2
r—In(l+=x ) In(l1+ 2
( ) = lim (1-— ¥ )

. Yy .
k= lim = = lim
r—00 I r—00 €x T—00

i

Ucnonb3yem mpasmio Jlonuramns:

In(1 + 22 2 2
T ko B VU S

Buaunt, k£ =1.

b= lim (y — kz) = lim (x — In(1 4+ 2%) — 2) = lim (= In(1 + 2%)) = oo.

T—00 r—00 T—00

['pacduk PpyHKIMH HAKJIOHHBIX ACUMITOT HE UMeeT.

' 20 142> =2z (x—1)°
¥= 1422 1422  1+22°

y =0 mpu z=1.
[TpousBojiHast Ompee/ieHa BO BCeX TOYKAX 0OJACTH OIPEIe/TCHHS.
Bunaku Y :

+

7 7

Puc. 4

DyHKIHA BO3PACTAET HA BCeHl 00JIACTH ONpeIesIeHns . DKCTPEMYMOB HE UMeeT.

R ek ST Sk S k) )
Arar A+ @+

Y ' =0mupu z=1n x=—1.

y” oupejesieHa BO BCEX TOYKAX 00JIACTHU OLPEIE/ICHHUSI.

Bunaxku y”:

VIERVIRNA

Puc. 5

DyuKus BeIMYKIa BHA3 Ha nHTepBatax (—oo; —1) u (1;400) . @yHKIHA BHITYKIa BBEDX
ma unrepsage (—1;1).

r=—1u x=1 — TouKkH meperuda.

y(=1)=—-1—-In2~-1,69; ¢y'(-1)=1.

y(1)=1—In2~031; /(1) =0.

['pacuk npusenen na puc. 6.



Puc.6

3ATAHUE 2.

Ha crpanune KHUTM TEYaTHBIR TEKCT JIOJKEH 3aHUMATh S KBAJAPATHBIX CAHTHMETPOB.
Bepxuee n nuzknee moJjd JIOJKHBI ObITH IO @ CM, IpaBoe u JeBoe — 1o b cMm. Ecian npn-
HAMaTb BO BHHMaHWE TOJHKO SKOHOMHUIO OyMaru, TO KaKUMH JIOJKHBI OBITH HamboJiee
BBITOJTHBIE Pa3MePhbl CTPAHUIIHI !

PEIIEHUE.
[Iycth pasmepsl medaTHOro Tekcra © u y oM (puc.7). Torga ero miomanas S = zy.
Orcioga y = — . [lnomamas crpaHuibt
x
T = (x+ 2b)(y + 2a)

TITH
S 2bS
T(x)=(x+ 2b)(; +2a) =S5+ — + 2az + 2ab.

Uccnenyem 3ty byHKIMIO Ha 3KCTpeMyM. Haliiem mpou3BonHyo:

[bS
T'(z) =0 upu x = /— (yuursiBas, aro x > 0). Ybeaumed,
a
4TOo B 9TOM ToUKe HocTuraercs MunumyM dbyukiun T . s sroro
a HailJieM BTOPYIO TPOU3BOIHYIO:

Puc. 7. B 4bS

T”(I') = ?



Torna

= =4,/ — > 0.
bSVbS bS

3Hauut, B 970 TOUKe JEfiCTBUTENBHO HocTHTaeTcss MuHnMyM dyuknun T'(z) .

/bS /S
Pasmepst Oymaru: mupuHa 4/ — + 2bcm, BbIcOTa Ta + 2a cwm.
a

JNOPEPEHIMATBHOE UCHUCJIEHUE ®YHKIININ MHOTUX [IEPEMEHHBIX.

a

T,,( bS) _4bSava _, [a

SAJTAHUE 3.
Hajitu nonubiit guddepennnast dz jpanHoi QyHKIUNT

z = arctg y
z

PEIIEHUNE. [Toausiii guddepennuans pyHKIun JIBYyX MEPEMEHHBIX UMEET BUIL:

0z 0z
dz=—dr+—d
T or T dy Y
Haxozum:
9z 1 —y_ Y
Ox 1+(£)2 2 x4 y?’
0z 1 1
Oy 1+ (¥)? = a2+’
SHaUUT,
—y —ydr +xdy
< :E2+y2 x+x2+y2 Y x2+y2
3AJIAHUE 4.

x
[TokazaTb, 9TO PYHKIUA 2z = arccos \/; VAOBJETBOPAET yPABHEHUIO

Pz O 0
oxdy  Oydr

PEHIEHNE.



[TocaemoBaTeIbHO HAXOIIM:

0z 1 1 \/@ 11 I
O 1-z 2 Ve y 2 Valy—a)
0z 1 1y r) 1 Vi

dy 1—z 2 Vz ) 2 yJSy—a

P: 1 ( 1) N T T
0xdy 2\/x 2) Jly—xzP Jrly—=z)?

Pz 1 ﬁg'vy—ﬂfﬂLg\/%_ y—c+r 1
Oyox 2y y—w dy/e(y —x)3 Ja(y — )3
Buaum, aro
Pz 0Pz
oxdy  Oyox’
A 510 1 03HaTaeT, 9To PYHKIMS YIOBICTBOPSIET 3aJaHHOMY yPaBHEHUO.
SAJJAHUE 5.
a) Haiitn ykazaHHbIE TIPON3BO/IHBIE JTAHHON CJIOXKHONW (DYHKITHH.
0z 0z
_ 2 _ Lufv _ _ _
z=cos*(x —2y), e z=¢e“", y=In(uw). — =7, — =7
(r —2y), 11 y=In(uw). o 5

PEIIEHHNE.

[IpousBoanbie ciaokuOM DyHKIUYM HaiijeM 1o (popMmyram:

0: 02 0r 0 iy
Oou Ox Ou 0Oy Ou’
0: _0: o 0z 0y
v  Odxr dv Oy Ov

HaXO,ZLI/IM BCe YaCTHBIC IIPOU3BOJHbIEC, BXOJLAIIINE B 9T paBeHCTBA.

g_; — 2cos(z — 2y) - (—sin(z — 2y)) = —sin(2z — 4y);
g_?j = 2cos(z — 2y) - (—sin(xr — 2y))(—2) = 2sin(2z — 4y).

Q)

Ox u/vl Ox _ eu/v <_£> ;

ou v Bv 02
dy 1 dy 1
=W e w
Torma
% = —sin(2x — 4y)GU/v% + 2sin(2z — 4y)£ — sin(2eY" — 41n(w)) (_%eu/y n %) ;
0z . ufv u ) I /o U | 2
90 sin(2x — 4y)e <_ﬁ> + 2sin(2x — 4y); = sin(2e"? — 41In(uv)) (ﬁe + ;) _

7



d
6) Haiitu d_y ot dbyukuun y = f(x), 3aJaHHON ypaBHEHHEM arctg xTer - 2£ =
T x

PEIIEHUE.

[IpousBoanyto oT HesIBHOM (DYHKITHE ABYX MEPEMEHHBIX, 33 aHHO ypasuenuem F(x,y) =
0, Haxosum 110 popmy.ie:

dy  F;
de -
B nannOoM ciyvae HaxXouM:
) 1 1y 2 y  4x® +y(d+ 2+ y? + 2xy)
Fes—— s st s = o T3 = 2 2 =
1+ (Z2)? 2 222 44 (r+y)? 2o 222(4+ (z +y)?)
_Ax? Ay + 2y + P+ 20y
B 202(4 4+ (x + y)?) 7
. 1 11 2 _i:4x—4—x2—y2—2xy.
YTl (m)? 2 2 A+ (@ty? 2w 20(it (ty?)
Torna
dy A Ay Py + Y+ 2xy2‘ 20(4+ (x+y)?) 4+ 4y + 2Py +y° + 2xy?
dr 202(4 + (z +y)?) dr —4— 22 —y2 — 22y a(—da+4+22+y2+ 2ry)
3AJIAHUE 6.

UccerenosaTh Ha 3KcTpeMyM dyukmmo z = 22y3(6 —x —y) (x> 0; y > 0).
PEHIEHUE.

OmpeiesiuM cTalOHAPHBIE TOYKHU, PEIIUB CUCTEMY YpaBHEHU

0z
o =
0z
oy U

Haxomnwm:

0
o = 2ay*(6 —x —y) — 2%y’ = 2y’ (12— 30 — 2y);
a

0z

5 3y2r?(6 — x —y) — 2%y® = 2*y*(18 — 3z — 4y).
Y

[Tonyuaem cucremy:
ry3(12 — 3z —2y) =
r?y?(18 = 3x —4y) = 0
Tak kax 1o ycaosuto > 0, y > 0, TO €INHCTBEHHBIM PEITEHUEM ITOH CHCTEMDI SIBIISETCSI
r=2,y=3.



Nrax, M(2,3) — cramuoHapHasi TOYKA.
Haxoanum BTOpBIE TPON3BOIHBIE:

2
% = *(12 — 3z — 2y) — 3zy® = y*(12 — 62 — 2y);
T
0%z 9 2.2 2
8—y2:2x y(18 — 3z — 4y) — 4x*y* = 22°y(18 — 3z — 6y);
0%z 5 3 2
900y = 3zy (12 — 3z — 2y) — 2zy° = 2y~ (36 — 9z — 8y).
Torma
2
a=2 _ i
02|,
2
C = % = —144;
0y? | s
2
B= 22— s,
0x0y |,

Boraucigem A = AC — B? = 11664. Tak kax A > 0, To M — To4Ka IKCTpeMyMa
dyukuu f. Tak kak A < 0, TO 970 TOYKA MAKCUMYMA.
Nrax, M(2,3) — Touka makcumy™ma byHmn f(2,Y), Zmar = 108.

NHTETPAJIBHOE NCYUCJIEHUE OYHKIINN OJHON IIEPEMEHHOII.
3AJIAHUE 7.

Haiitu neonpejiesiennble nurerpasibl. Pesynbrar mposepurh AudpepennupoBanuem.

a) /x3\5/7 — 2zt dx.

PEIIEHHIE.

1
/x3\5/7 — 2zt da = —% /(7 — 20M)VP(—84%) dx = -3 /(7 — 2215 d(7 — 22%) =

f_l.i _ 9,4H6/5 7_i5 — 944)6
=3 6/5(7 2050 +C = 48\/(7 224)6 + C.

[IpoBepka:

/
(~ VT2 +C) =~ 67— 20 iosa®) = T2

Bepmo.

6) /sin3 Sxd.

9



PEIIEHNE.

1
/sin3 bedr = /sin2 Sx - sinbx dr = —5/(1 — cos® 5x) d cos b =

1 1 1 1
= —g(cos5x — §COS3 Sr)+ C = ~F cos b + 1—50083 S5z + C.

[IpoBepka:

1 1 ' 1 1

(_S cos bx + B cos® 5 + C) =5 5(—sinbz) + I 3 cos® 5z(—sin5z) - 5 =
= sin 5z — sin 5z - cos® 5z = sin 5z(1 — cos? 5r) = sin® 5z.

Bepno.

3AJIAHIE 8.

BoraucmmTs Heonpeie IeHHBIM WHTeTpaJT:

dz.

/ —2x3 + 1122 — 6x — 14
(22 4+ 4)(x — 3)?
PEHIEHUE.

Jpobb npaBmwibHas. Pa3/iokuM ee B CyMMy IpocTeHfImux apobeii.

223 4+ 112 — 6z — 14 ax+b c d
= + + . (1)
(22 +4)(x —3)? 2+4 x—-3 (r—3)?

[Ipusegem npobu B mpapoil yactu pasercTsBa (1) K obimemy 3Hamenareso. Torga obmmii
saamenarenb (22 + 4)(z — 3)? coBmamaer co 3HaMenarenem apobu B Jepoit wactu (1).
[IpupaBHUBas YUCTUTETH, HAXOIUM

—22% + 112° — 62 — 14 = (ax + b)(x — 3)* + c(z — 3) (2% + 4) + d(z* + 4).
PackpbiBaeM CKOOKH 1 COBHpAEM CJlaraeMble ¢ OMMHAKOBBIMH CTEMEHSIMH T

(az+b)(x—3)2+c(x—3) (22 +4)+d(2?+4) = (ax+b)(2*—62+9)4-c(x—3)(2?+4)+-d2’+4d =
= ax® + br? — 6ax? — 6bx + 9ax + b + cx® — 3ca® + dex — 12¢ + dx® + 4d =
= (a+c)r* +(—6a+b—3c+d)r*+(9a—6b+4c)r+(9b—12c+4d) = —22° +112° —62—14.

[IpupaBuuBas Ko3hMUIHMEHTH TP OJIMHAKOBBIX CTEIEHSX T, TOJy4aeM CHCTEMY:

atc = —2
—6a+b—3c+d = 11
9a —6b+4c = —6

9 —12c+4d = —-14

10



Pemas sty cucremy, naxoqum: a = —2, b= —2, ¢=0, d = 1. Ilosygaem

—2x3+11x2—6x—14_—2x—2+ 1
(22 +4)(z—3)2  22+4  (z-3)%

Tenepb HaXOJAUM HMHTCI'DAJI:

/—2x3+11x2—6x—14d _/ —2x—2+ 1 dr —
@2+ 4)(z—32 2214 (@-32) T

d(z* +4) dx dx 9 x 1
S —1 4) — arctg < — .
/ x2+4 /x2+4+/(x—3)2 n(z”+4) aete ZL‘—3+O

SAJJAHUE 9.

BBIYHCIUTD Ope/IeIeHHbBIE HHTEIPATTHL.
/2
a) /(4x2 — 4x +5) cos b6z dx.

0

PEIIEHUE.

[Ipumenum poOpMyIy HHTETPUPOBAHHS 110 TACTAM

b

b
/udv: uvlz—/vdu.

a

1
[pumem u = 422 — 4z + 5, dv = cosbrdr. Torna du = (8¢ — 4)dr, v = gsin6$.

[Torygaem
w/2 . /2 . w/2
/(4332 —4x + 5) cos 6w dr = (4a* — 4z +5) - 6smﬁ:c -5 /(8:1: —4)sin6x dr =
0 0 0
) w/2 w/2
1 2 2
- (4'% —4g+5) ~6-sin37r—0—§/(2x—1)sin6xda:: —5/(2x—1)sin6xdx

0

Emre pa3 maTerpupyem mo gactsam. Bozbmem u = 2x—1, dv = sin6x dz . Torna du = 2dx,

v = 5 cos 6 . [lomy4gaem
/2 /2
2 2 1 /2 1
(4x —4m+5)cos6xdx:—§ ~8 (22 — 1) cos 62| +E 2cosbrdr | =
0 0
2 1 1 11
=—3 (_6 (2 : g - 1) cos 3m + 6<0 — 1) cos0 + 3 6811161;\3/2) =

2 1< 1) 1 0 2—
= —— —\7T — —_ = — - .
3\ 6 6 9

11



5
0) /xQ\/25 — 22 dx.
0

PEHNIEHNE.

Craenaem 3aMeny nepemennoit x = Hsint. Torma dx = Hcostdt. Ecim x4 =0,710 t; =0,

T
€Can Tog =5, TO ty = 5 [Tonyaaem:

5 w/2 w/2
/:c2\/25 —x?dx = / 25sin? tv/25 — 25sin?t5cost dt = /625 sint cos® t dt =
0 0 0
625 | 625 | 625 1 T2 625
=222 [ sin2otdt = 222 [ (1 —cosdt)dt = —> (¢t — ~sinat )| =T,
1 /sm A (1 — cos4t) A 7 5in i 16
0
SATAHUE 10.
BoraucanTs ompeiesieHHbI HHTErPAJIL:
2arctg1/2
/ dx
sinz(l —sinx)’
2arctg1/3
PEIITEHUE.
CrenaeM 3aMe epeMeHHON thoa' 2t 2dt Ec
JlaeM 3aMeHy IepeMeHHoll ¢ = — . Torma sinxz = : dr = —— . Ecin
s Y Hep ) &9 oM RN 241
xr1 = 2arctg1/3, 10 t; = 5; ecan xo = 2arctg1/2, To ty = 3 [Tomyaaem:
2arctg1/2 1/2
I / dx _/ 2(t* 4 1)dt -
- sinz(l —sinz) ) (24+1)-2t(1—2)
2arctg1/3 ( ) 1/3 ( ) ( t2+1)
1/2 1/2
_/ (t*+1)dt _/(t2+1)dt
St ) tt—-1)2
1/3 1/3
PazyioxkuMm Jipobb B cymMy mpocTeitiux jpooeii:
P +1)dt a b c

=17 § i1 =1

(2)
[IpuBosst 1pobu B paBoil dacTu (2) K 00IIeMy 3HAMEHATEI0, U TPUPABHUBASI YUCTUTEJH,
HAXOJ/IUM:

P4 1=alt—1)*+bt(t —1) +ct.

12



[Toxcras/siem moce0BaTe/IbHO PA3IUIHbIE 3HATEHUS !
t=0: 1 = a,
t=1: 2 = ¢
t=2: 5 = a+2b+ 2c.
Torma a=1, b=0, ¢= 2. [loaxygaem:
w+nﬁ_1+ 2
tt—12 ¢t (t—1)¥

Bozspaiasich K mHTErpaJjy, HaXouM:

1 1 9 2\ |2 11 2 9 3
I:/‘—+———— S N —— —In=—In-— + = 14+In 2,
t ' (t—1) t—1)1, 23 1/2—-1'1/3—-1 9
1/3
SAJIAHUE 11.

Borunciuts HecobCcTBEHHBIE HHTEerpaJbl UJIH JOKa3aTbh UX PaCXOJIUMOCTD.

o0

1+ 222
a) /ﬁd

1

PEIIEHUE.

0o b b
1+2 1 2 2 1 1
/ + 22° dzr = lim ﬂdx:lim (—2—1- )dac:
T
1

z2(1 + 22?) b—oo | x2(1+ 22) b—o00 2?2 +1
1 1

1 b 1
:bllrgo (—E—Farctgm) 1 :bh—>I£lo (—E+1+arctgb—%> :O+1+g—%: Z—I—l.
1
5) 2x dx
V1—a2t
0
PEHIEHUE.
1 b b
2x dx i 2z dx _ lim dx? g ) 2,{, i b2 —
N = lim N bﬁ1 m lim arcsin x| = lim aresin b® =
0 0
3AJAHUE 12.
BeraucanTh miomans (pUrypbl, OrpAaHAYEHHONR JIMHHAMH I = 2COS@, T = 23 sin @,
0<p<7/2).
PEHIEHUE.

13



YpaBHeHud 33Ja10T JIBE OKPYZKHOCTH. TOYKY HX
nepeceveHns HalJeM, PeluB CACTEMY

r = 2cosp
ror 2v/3sing

1
Torma 2cos ¢ = 2v/3sin . Orciona tgp = ﬁ ,

T
Wi p = — .

[Lromaas dpurypsr S paBHa cymMMme JABYX ILIO-
maneii S = S; + Sy (em. puc. 8). Hcnombsyem

Puc. 8. dopMyIy I BHIYUCIEHHS ILIOMIAIN B MOJISAP-
HbIX KOOpAUMHATaX
1 B
S = 5/7"2 dep.
Torna
w/6 /6 /6
]_ . 2 -2
Sy = 5(2\/§sm<p) dp =6 [ sin”pdp =3 [ (1—cos2p)dp =
0 0 0
5 1. 5 /6 N V3 T 3V3
= — —sin = - === —.
PN 6 4 2 4
w/2 /2 /2
1
Sy = / 5(200890)20&0 = Q/COSdesD = /(1 + cos 2¢p) dp =
/6 /6 /6
w/2
1 T V3
= go+—sin2g0) == —.
( 2 /6 3 4
[Tosryaaem
T 3\/5 T \/3 5T
S=8+8S=—— "4 — - =" /3.
Ty T T T3 T T TG
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