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ÀÍÀËÈÒÈ×ÅÑÊÀß ÃÅÎÌÅÒÐÈß È ÀËÃÅÁÐÀ.

ÇÀÄÀÍÈÅ 1.

Äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé. Ðåøèòü ñèñòåìó òðåìÿ ñïîñîáàìè: 1) ìåòîäîì

Êðàìåðà, 2) ìåòîäîì Ãàóññà, 3) ìàòðè÷íûì ìåòîäîì.


7x1 − x2 + 5x3 = 62

−8x1 − 7x2 + 8x3 = 71
−10x1 − 2x2 − 3x3 = −37

ÐÅØÅÍÈÅ.

1) Ìåòîä Êðàìåðà.

∆ =

∣∣∣∣∣∣
7 −1 5
−8 −7 8
−10 −2 −3

∣∣∣∣∣∣ = 7 ·
∣∣∣∣ −7 8
−2 −3

∣∣∣∣ +

∣∣∣∣ −8 8
−10 −3

∣∣∣∣ + 5 ·
∣∣∣∣ −8 −7
−10 −2

∣∣∣∣ = 93;

∆1 =

∣∣∣∣∣∣
62 −1 5
71 −7 8
−37 −2 −3

∣∣∣∣∣∣ = 62 ·
∣∣∣∣ −7 8
−2 −3

∣∣∣∣ +

∣∣∣∣ 71 8
−37 −3

∣∣∣∣ + 5 ·
∣∣∣∣ 71 −7
−37 −2

∣∣∣∣ = 372;

∆2 =

∣∣∣∣∣∣
7 62 5
−8 71 8
−10 −37 −3

∣∣∣∣∣∣ = 7 ·
∣∣∣∣ 71 8
−37 −3

∣∣∣∣− 62

∣∣∣∣ −8 8
−10 −3

∣∣∣∣ + 5 ·
∣∣∣∣ −8 71
−10 −37

∣∣∣∣ = −837;

∆3 =

∣∣∣∣∣∣
7 −1 62
−8 −7 71
−10 −2 −37

∣∣∣∣∣∣ = 7 ·
∣∣∣∣ −7 71
−2 −37

∣∣∣∣ +

∣∣∣∣ −8 71
−10 −37

∣∣∣∣ + 62 ·
∣∣∣∣ −8 −7
−10 −2

∣∣∣∣ = 465;

x1 =
∆1

∆
=

372

93
= 4; x2 =

∆2

∆
=
−837

93
= −9; x3 =

∆3

∆
=

465

93
= 5.

Èòàê, ðåøåíèå ñèñòåìû: x1 = 4 , x2 = −9 , x3 = 5 .
2) Ìåòîä Ãàóññà.

 7 −1 5 62
−8 −7 8 71
−10 −2 −3 −37

 +
↙ ∼

 7 −1 5 62
−1 −8 13 133
−10 −2 −3 −37

 ↖
7 −10

↙
∼

∼

 0 −57 96 993
1 8 −13 −133
0 78 −133 −1367

 l : −3
∼

 1 8 −13 −133
0 19 −32 −331
0 78 −133 −1367

 78

19

∼

∼

 1 8 −13 −133
0 1482 −2496 −25818
0 1482 −2527 −25973

 −1
↙

: 78 ∼

 1 8 −13 −133
0 19 −32 −331
0 0 −31 −155


Ïîñëåäíåé ìàòðèöå ñîîòâåòñòâóåò ñèñòåìà:

x1 + 8x2 − 13x3 = −133
19x2 − 32x3 = −331

−31x3 = −155

2



Ðåøàÿ ýòó ñèñòåìó ñ êîíöà, ïîëó÷èì:
x3 = 5

x2 =
1

19
(−331 + 32x3) = −9

x1 = −133− 8x2 + 13x3 = 4

Èòàê, îïÿòü ïîëó÷èëè: x1 = 4 , x2 = −9 , x3 = 5 .
3) Ìàòðè÷íûé ìåòîä.

A =

 7 −1 5
−8 −7 8
−10 −2 −3

 ; b =

 62
71
−37

 ; x =

 x1

x2

x3

 .

Ñèñòåìà èìååò âèä Ax = b . Òîãäà x = A−1b . Íàéäåì ìàòðèöó A−1 .
|A| = 93 .

A11 =

∣∣∣∣ −7 8
−2 −3

∣∣∣∣ = 37; A21 =−
∣∣∣∣ −1 5
−2 −3

∣∣∣∣ = −13; A31 =

∣∣∣∣ −1 5
−7 8

∣∣∣∣ = 27;

A12 =−
∣∣∣∣ −8 8
−10 −3

∣∣∣∣ = −104; A22 =

∣∣∣∣ 7 5
−10 −3

∣∣∣∣ = 29; A32 =−
∣∣∣∣ 7 5
−8 8

∣∣∣∣ = −96;

A13 =

∣∣∣∣ −8 −7
−10 −2

∣∣∣∣ = −54; A23 =−
∣∣∣∣ 7 −1
−10 −2

∣∣∣∣ = 24; A33 =

∣∣∣∣ 7 −1
−8 −7

∣∣∣∣ = −57;

Îáðàòíàÿ ìàòðèöà:

A−1 =
1

93

 37 −13 27
−104 29 −96
−54 24 −57


x =

1

93

 37 −13 27
−104 29 −96
−54 24 −57

  62
71
−37

 =
1

93

 372
−837
465

 =

 4
−9
5


Èòàê, îïÿòü ïîëó÷èëè: x1 = 4 , x2 = −9 , x3 = 5 .

ÇÀÄÀÍÈÅ 2.

Äàíû äâà ëèíåéíûõ ïðåîáðàçîâàíèÿ. Ñðåäñòâàìè ìàòðè÷íîãî èñ÷èñëåíèÿ íàéòè ïðå-
îáðàçîâàíèå, âûðàæàþùåå z1 , z2 , z3 ÷åðåç x1 , x2 , x3 .

y1 = −2x1 + 7x2

y2 = 6x1 − 8x2 − 2x3

y3 = 9x1 + 10x2 − 4x3


z1 = −2y1 + 4y2 + 9y3

z2 = −3y1 − 4y2 + 4y3

z3 = 3y2 − y3

ÐÅØÅÍÈÅ.

Ïóñòü

x =

 x1

x2

x3

 ; y =

 y1

y2

y3

 ; z =

 z1

z2

z3

 ;

A =

 −2 7 0
6 −8 −2
9 10 −4

 ; B =

 −2 4 9
−3 −4 4
0 3 −1

 .
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y = Ax , z = By . Òîãäà z = BAx . Íàõîäèì:

BA =

 −2 4 9
−3 −4 4
0 3 −1

  −2 7 0
6 −8 −2
9 10 −4

 =

 109 44 −44
18 51 −8
9 −34 −2

 .

Ïîýòîìó 
z1 = 109x1 + 44x2 − 44x3

z2 = 18x1 + 51x2 − 8x3

z3 = 9x1 − 34x2 − 2x3

ÇÀÄÀÍÈÅ 3.

Äàíû êîîðäèíàòû âåðøèí ïèðàìèäû A1(−4, 9, 9) ; A2(−10,−7,−7) ; A3(−1, 4,−4) ;
A4(3, 8,−5) . Ñ ïîìîùüþ âåêòîðíîé àëãåáðû íàéòè: 1) äëèíó ðåáðà A1A2 è íàïðàâ-
ëÿþùèå êîñèíóñû âåêòîðà A1A2 ; 2) ïðîåêöèþ âåêòîðà A3A4 íà âåêòîð A1A2 ; 3) ïëî-
ùàäü ãðàíè A1A2A3 è åå âûñîòó, ïðîâåäåííóþ èç âåðøèíû A3 ; 4) óãîë ìåæäó ðåá-
ðàìè A1A2 è A1A3 5) îáúåì ïèðàìèäû A1A2A3A4 è åå âûñîòó, ïðîâåäåííóþ èç
âåðøèíû A4 .

ÐÅØÅÍÈÅ.

1) A1A2 = (−6;−16;−16).
|A1A2| =

√
(−6)2 + (−16)2 + (−16)2 =

√
548 ≈ 23,409.

Íàïðàâëÿþùèå êîñèíóñû:

cos α =
−6

|A1A2|
=

−6√
548

≈ −0,256;

cos β =
−16

|A1A2|
=
−16√
548

≈ −0,683;

cos γ =
−16

|A1A2|
=
−16√
548

≈ −0,683.

2) Ïðîåêöèþ íàéäåì ïî ôîðìóëå:

Ïðb̄ ā =
ā · b̄
|b̄|

.

A3A4 = (4; 4;−1).
A1A2 · A3A4 = −6 · 4− 16 · 4− 16 · (−1) = −72.
Òîãäà

ÏðA1A2
A3A4 =

A1A2 · A3A4

A1A2

=
−72√
548

≈ −3,076.

3) Ïëîùàäü òðåóãîëüíèêà, ïîñòðîåííîãî íà âåêòîðàõ A1A2 è A1A3 , íàéäåì ïî ôîð-
ìóëå:

SA1A2A3 =
1

2

∣∣A1A2 × A1A2

∣∣ .
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A1A3 = (3;−5;−13) .

A1A2 × A1A2 =

∣∣∣∣∣∣
ı̄ ̄ k̄
−6 −16 −16
3 −5 −13

∣∣∣∣∣∣ =

= ı̄

∣∣∣∣ −16 −16
−5 −13

∣∣∣∣− ̄

∣∣∣∣ −6 −16
3 −13

∣∣∣∣ + k̄

∣∣∣∣ −6 −16
3 −5

∣∣∣∣ = 128ı̄− 126̄− 78k̄.

∣∣A1A2 × A1A2

∣∣ =
√

1282 + (−126)2 + (−78)2 =
√

38344 ≈ 195,816.

SA1A2A3 =

√
38344

2
≈ 97,908.

Åñëè h � âûñîòà òðåóãîëüíèêà A1A2A3 , òî SA1A2A3 =
1

2
h ·

∣∣A1A2

∣∣ . Ñëåäîâàòåëüíî,
âûñîòà ðàâíà:

h =
2SA1A2A3∣∣A1A2

∣∣ =

√
38344√
548

≈ 8,365.

4) Äðóãîå âûðàæåíèå äëÿ ìîäóëÿ âåêòîðíîãî ïðîèçâåäåíèÿ:∣∣A1A2 × A1A2

∣∣ =
∣∣A1A2

∣∣ · ∣∣A1A3

∣∣ sin ϕ,

ãäå ϕ � óãîë ìåæäó âåêòîðàìè A1A2 è A1A3 .∣∣A1A3

∣∣ =
√

32 + (−5)2 + (−13)2 =
√

203.

Òîãäà

sin ϕ =

∣∣A1A2 × A1A2

∣∣∣∣A1A2

∣∣ · ∣∣A1A3

∣∣ =

√
38344√

548
√

203
≈ 0,587.

ϕ ≈ 35◦57′.

5) Îáúåì ïèðàìèäû, ïîñòðîåííîé íà âåêòîðàõ A1A2 , A1A3 è A1A4 , íàéäåì ïî ôîð-
ìóëå:

VA1A2A3A4 =
1

6

∣∣A1A2 · A1A3 · A1A4

∣∣ .

A1A4 = (7;−1;−14) .

A1A2 · A1A3 · A1A4 =

∣∣∣∣∣∣
−6 −16 −16
3 −5 −13
7 −1 −14

∣∣∣∣∣∣ =

= −6

∣∣∣∣ −5 −13
−1 −14

∣∣∣∣ + 16

∣∣∣∣ 3 −13
7 −14

∣∣∣∣− 16

∣∣∣∣ 3 −5
7 −1

∣∣∣∣ = −70.

Òîãäà

VA1A2A3A4 =
70

6
=

35

3
≈ 11,667.

Åñëè H � âûñîòà ïèðàìèäû A1A2A3A4 , òî VA1A2A3A4 =
1

3
SA1A2A3H . Ñëåäîâàòåëüíî,

âûñîòà ðàâíà:

H =
3VA1A2A3A4

SA1A2A3

=
35√

38344/2
≈ 8,357.
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ÇÀÄÀÍÈÅ 4.

Äàíû òðè òî÷êè A(−2; 5) , B(6; 1) è C(4;−1) . Íàéòè: 1) âåðøèíó D ïàðàëëåëîãðàì-
ìà ABCD ; 2) óãîë ìåæäó äèàãîíàëÿìè ïàðàëëåëîãðàììà; 3) óðàâíåíèå îêðóæíîñòè,
îïèñàííîé îêîëî òðåóãîëüíèêà ABC ; 4) êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà, ïðîõîäÿ-
ùåãî ÷åðåç òî÷êó A , ýêñöåíòðèñèòåò êîòîðîãî ðàâåí ε = 2/

√
5 . Îáÿçàòåëüíî ñäåëàòü

÷åðòåæ.

ÐÅØÅÍÈÅ.

1) Òî÷êà M � òî÷êà ïåðåñå÷åíèÿ
äèàãîíàëåé ïàðàëëåëîãðàììà (ðèñ.
1). Ýòà òî÷êà ÿâëÿåòñÿ ñåðåäèíîé
îòðåçêà AC . Ïîýòîìó

xM =
xA + xC

2
=
−2 + 4

2
= 1;

yM =
yA + yC

2
=

5− 1

2
= 2.

Èòàê, M(1; 2) .
Òî÷êà M òàêæå ÿâëÿåòñÿ ñåðåäè-
íîé îòðåçêà BD , ïîýòîìó

xM =
xB + xD

2
=⇒

xD = 2xM − xB = 2 · 1− 6 = −4;

yM =
yB + yD

2
=⇒ yD = 2yM − yB = 2 · 2− 1 = 3.

Ïîëó÷èëè êîîðäèíàòû òî÷êè D(−4; 3) .
2) Íàéäåì óãëîâûå êîýôôèöèåíòû ïðÿìûõ AC è BD :

kAC =
yC − yA

xC − xA

=
−2− 5

4 + 2
= −1;

kBD =
yD − yB

xD − xB

=
3− 1

−4− 6
= −1

5
.

Òàíãåíñ óãëà ìåæäó ïðÿìûìè:

tg ϕ =
|kAC − kBD|
1 + kACkBD

=

∣∣−1 + 1
5

∣∣
1 + 1

5

=
2

3
.

Îòêóäà

ϕ = arctg
2

3
≈ 33◦41′.

3) Ïóñòü K(x, y) � êîîðäèíàòû öåíòðà îêðóæíîñòè. Òîãäà

KA2 = KB2

KA2 = KC2
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Ïîëó÷àåì: {
(x + 2)2 + (y − 5)2 = (x− 6)2 + (y − 1)2

(x + 2)2 + (y − 5)2 = (x− 4)2 + (y + 1)2

Ðåøàåì ïîëó÷åííóþ ñèñòåìó:{
x2 + 4x + 4 + y2 − 10y + 25 = x2 − 12x + 36 + y2 − 2y + 1
x2 + 4x + 4 + y2 − 10y + 25 = x2 − 8x + 16 + y2 + 2y + 1{

16x− 8y = 8
12x− 12y = −12{

x = 2
y = 3

Èòàê, êîîðäèíàòû öåíòðà îêðóæíîñòè K(2; 3) .
Ðàäèóñ îêðóæíîñòè:

R = KA =
√

(2 + 2)2 + (3− 5)2 =
√

20.

Ïîëó÷àåì óðàâíåíèå îêðóæíîñòè:

(x− 2)2 + (y − 3)2 = 20.

4) Êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà èìååò
âèä:

x2

a2
+

y2

b2
= 1.

Ïîäñòàâèì â ýòî óðàâíåíèå êîîðäèíàòû òî÷êè
A :

4

a2
+

25

b2
= 1. (1)

Ýêñöåíòðèòåò ε =
c

a
. Çíà÷èò, c = a·ε =

2√
5
a . Òàê êàê b2 = a2−c2 , òî b2 = a2− 4

5
a2 =

1

5
a2 . Ïîäñòàâèì â (1):

4

a2
+

25 · 5
a2

= 1.

Îòñþäà a2 = 129 . Òîãäà b2 =
129

5
. Ïîëó÷àåì êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà:

x2

129
+

y2

129/5
= 1.

Ýëëèïñ èçîáðàæåí íà ðèñ. 2.

ÇÀÄÀÍÈÅ 5.

Äàíû óðàâíåíèÿ ïðÿìîé l :
x− 1

1
=

y + 1, 5

−1
=

z

1
è ïëîñêîñòè P : 2y + 4z − 1 = 0 .

Íàéòè 1) óãîë ìåæäó ïðÿìîé è ïëîñêîñòüþ; 2) óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé
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÷åðåç ïðÿìóþ l ïåðïåíäèêóëÿðíî ïëîñêîñòè; 3) óðàâíåíèÿ ïðÿìîé, ïðîõîäÿùåé ÷åðåç
òî÷êó M(2;−2; 0) ïàðàëëåëüíî ïðÿìîé l ; 4) êîîðäèíàòû òî÷êè M ′ , ñèììåòðè÷íîé
òî÷êå M îòíîñèòåëüíî ïëîñêîñòè P .

ÐÅØÅÍÈÅ.

1) Óãîë ìåæäó ïðÿìîé è ïëîñêîñòüþ íàéäåì ïî ôîðìóëå

sin ϕ =
|n̄ · ā|
|n̄| · |ā|

.

Íàïðàâëÿþùèé âåêòîð ïðÿìîé l � ā = (1;−1; 1) , íîðìàëüíûé âåêòîð ïëîñêîñòè P
� n̄ = (0; 2; 4) .

ā · b̄ = 1 · 0− 1 · 2 + 1 · 4 = 2;

|ā| =
√

12 + (−1)2 + 12 =
√

3;

|n̄| =
√

02 + 22 + 42 =
√

20.

Òîãäà

sin ϕ =
2√

3 ·
√

20
=

1√
15
≈ 0,258.

ϕ ≈ 14◦57′.

2) Ïóñòü òî÷êà B(x, y, z) ëåæèò â èñêîìîé
ïëîñêîñòè P1 (ðèñ. 3). Ïëîñêîñòü ïðîõîäèò
÷åðåç òî÷êó A(1;−1,5; 0) , ëåæàùóþ íà ïðÿ-
ìîé l . Âåêòîðû AB = (x − 1; y + 1,5; z) ,
ā = (1;−1; 1) è n̄ = (0; 2; 4) êîìïëàíàðíû.
Óñëîâèå êîìïëàíàðíîñòè: AB · ā · n̄ = 0 . Ïî-
ëó÷àåì:

AB · ā · n̄ =

∣∣∣∣∣∣
x− 1 y + 1,5 z

1 −1 1
0 2 4

∣∣∣∣∣∣ =

= (x−1)

∣∣∣∣ −1 1
2 4

∣∣∣∣−(y+1,5)

∣∣∣∣ 1 1
0 4

∣∣∣∣+z

∣∣∣∣ 1 −1
0 2

∣∣∣∣ =

= −6(x− 1)− 4(y + 1,5) + 2z =

= −6x + 6− 4y − 6 + 2z = 0.

Ïîëó÷àåì:
−3x− 2y + z = 0

� óðàâíåíèå ïëîñêîñòè P1 .
3) Íàïðàâëÿþùèé âåêòîð ïðÿìîé l1 ñîâïàäàåò ñ íàïðàâëÿþùèì âåêòîðîì ïðÿìîé l
è ðàâåí ā = (1;−1; 1) . Êàíîíè÷åñêèå óðàâíåíèÿ ïðÿìîé l1 :

x− 2

1
=

y + 2

−1
=

z

1
.
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4) Íàéäåì óðàâíåíèå ïðÿìîé l2 , ïðîõîäÿùåé
÷åðåç òî÷êó M ïåðïåíäèêóëÿðíî ïëîñêîñòè
P (ðèñ. 4). Íàïðàâëÿþùèé âåêòîð ïðÿìîé l2
ñîâïàäàåò ñ íîðìàëüíûì âåêòîðîì ïëîñêîñòè
P . Ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïðÿìîé l2 :

x = 2
y = −2 + 2t
z = 4t

Íàéäåì êîîðäèíàòû òî÷êè C � òî÷êè ïåðåñå-
÷åíèÿ ïðÿìîé l2 è ïëîñêîñòè P � èç ñèñòåìû

x = 2
y = −2 + 2t
z = 4t

2y + 4z − 1 = 0

Ïîäñòàâèì çíà÷åíèÿ äëÿ x , y è z èç ïåðâûõ òðåõ óðàâíåíèé â ÷åòâåðòîå:

2(−2 + 2t) + 4 · 4t− 1 = 0.

Îòñþäà t =
1

4
. Òîãäà x = 2 , y = −1,5 , z = 1 .

Èòàê, C(2;−1,5; 1) .
Òî÷êà C � ñåðåäèíà MM ′ .

xC =
xM + xM ′

2
=⇒ xM ′ = 2xC − xM = 2 · 2− 2 = 2;

yC =
yM + yM ′

2
=⇒ yM ′ = 2yC − yM = 2 · (−1,5) + 2 = −1;

zC =
zM + zM ′

2
=⇒ zM ′ = 2zC − zM = 2 · 1− 0 = 2.

Èòàê, M ′(2;−2; 2) .

ÇÀÄÀÍÈÅ 6.

Çàïèñàòü äàííîå êîìïëåêñíîå ÷èñëî z =
4i

3i−
√

3
â àëãåáðàè÷åñêîé è òðèãîíîìåòðè-

÷åñêîé ôîðìàõ è íàéòè âñå êîðíè óðàâíåíèÿ w3 − z = 0 .

ÐÅØÅÍÈÅ.

z =
4i

3i−
√

3
=

4i(−3i−
√

3)

(3i−
√

3)(−3i−
√

3)
=

12− 4i
√

3

3 + 9
= 1− i√

3
.

Ýòî àëãåáðàè÷åñêàÿ ôîðìà êîìïëåêñíîãî ÷èñëà z .
Ìîäóëü:

|z| =

√
12 +

(
− 1√

3

)2

=
2√
3
.
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Àðãóìåíò íàéäåì èç ñèñòåìû:
cos ϕ =

x

|z|
=

√
3

2
;

sin ϕ =
y

|z|
= −1

2
.

Çíà÷èò,ϕ = −π

6
.

Ïîëó÷àåì òðèãîíîìåòðè÷åñêóþ ôîðìó êîìïëåêñíîãî ÷èñëà:

z =
2√
3

(
cos

(
−π

6

)
+ i sin

(
−π

6

))
.

Ðåøèì óðàâíåíèå. Åñëè w3 − z = 0 , òî w = 3
√

z . Ðåøåíèÿ èìåþò âèä:

wk = 3
√
|z|

(
cos

ϕ + 2πk

3
+ i sin

ϕ + 2πk

3

)
, ãäå k = 0, 1, 2.

Ïîëó÷àåì:

w0 = 6

√
4

3

(
cos

(
− π

18

)
+ i sin

(
− π

18

))
;

w1 = 6

√
4

3

(
cos

(
11π

18

)
+ i sin

(
11π

18

))
;

w2 = 6

√
4

3

(
cos

(
23π

18

)
+ i sin

(
23π

18

))
= 6

√
4

3

(
cos

(
−13π

18

)
+ i sin

(
−13π

18

))
;

Â ïîñëåäíåì âûðàæåíèè àðãóìåíò ïðèâåäåí ê ãëàâíîìó çíà÷åíèþ.

ÎÑÍÎÂÛ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÃÎ ÀÍÀËÈÇÀ.

ÇÀÄÀÍÈÅ 7.

Âû÷èñëèòü ïðåäåëû ôóíêöèé, íå ïîëüçóÿñü ïðàâèëîì Ëîïèòàëÿ.

à) lim
x→a

x2 + x− 20

x2 − 16
ïðè 1) a = 4 ; 2) a = −1 è 3) a = ∞ .

ÐÅØÅÍÈÅ.

1) lim
x→4

x2 + x− 20

x2 − 16
= lim

x→4

(x− 4)(x + 5)

(x− 4)(x + 4)
= lim

x→4

x + 5

x + 4
=

4 + 5

4 + 4
=

9

8
;

2) lim
x→−1

x2 + x− 20

x2 − 16
=

(−1)2 − 1− 20

(−1)2 − 16
=

4

3
;

3) lim
x→∞

x2 + x− 20

x2 − 16
= ln∞

1 + 1
x
− 20

x2

1− 16
x2

= 1.

á) lim
x→2

√
3x + 10− 4

x2 − 4
.
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ÐÅØÅÍÈÅ.

lim
x→2

√
3x + 10− 4

x2 − 4
= lim

x→2

3x + 10− 16

(x− 2)(x + 2)(
√

3x + 10 + 4)
=

= lim
x→2

3(x− 2)

(x− 2)(x + 2)(
√

3x + 10 + 4)
= lim

x→2

3

(x + 2)(
√

3x + 10 + 4)
=

=
3

(2 + 2)(4 + 4)
=

3

32
.

â) lim
x→1

(1− x) tg
πx

2
.

ÐÅØÅÍÈÅ.

Ïóñòü t = x− 1 , òîãäà x = t + 1 . Ïðè x → 1 t → 0 . Òîãäà

lim
x→1

(1− x) tg
πx

2
= lim

t→0
(−t) tg

(π

2
(t + 1)

)
= lim

t→0
(−t) ctg

πt

2
=

= lim
t→0

−t

tg
πt

2

= lim
t→0

−πt/2

sin(πt/2)
·
(
− 2

π

)
· cos

πt

2
= − 2

π
.

Çäåñü ìû èñïîëüçîâàëè ïåðâûé çàìå÷àòåëüíûé ïðåäåë lim
x→0

sin x

x
= 1 .

ã) lim
x→∞

(
x + 3

x− 1

)x−4

.

ÐÅØÅÍÈÅ.

Èñïîëüçóåì âòîðîé çàìå÷àòåëüíûé ïðåäåë lim
x→∞

(
1 +

1

x

)x

= e .

lim
x→∞

(
x + 3

x− 1

)x−4

== lim
x→∞

(
1 +

4

x− 1

)x−1
4

· 4
x−1

·(x−4)

=

= exp

(
lim

x→∞

4(x− 4)

x− 1

)
= exp

 lim
x→∞

4(1− 4

x
)

1− 1
x

 = e4.

ä) lim
x→0

arcsin 2x

2−3x − 1
.

ÐÅØÅÍÈÅ.

Ïðè x →∞

arcsin 2x ∼ 2x; 2−3x − 1 ∼ −3x ln 2.
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Ïîýòîìó

lim
x→0

arcsin 2x

2−3x − 1
= lim

x→0

2x

−3x ln 2
= − 2

3 ln 2
.

ÇÀÄÀÍÈÅ 8.

Äëÿ äàííîé ôóíêöèè íàéòè òî÷êè ðàçðûâà, åñëè îíè ñóùåñòâóþò. Ñäåëàòü ÷åðòåæ.

y =


x + 1, x 6 −1
cos x, −1 < x < π

2

x− π
2
, x > π

2

ÐÅØÅÍÈÅ.

Íà èíòåðâàëàõ (−∞;−1) , (−1; π
2
) , (π

2
; +∞) ôóíêöèÿ íåïðåðûâíà. Âîçìîæíûå òî÷êè

ðàçðûâà: x1 = −1 è x2 = π
2
.

x1 = −1 :

f(−1) = 0;

f(−1− 0) = lim
x→−1−0

f(x) = lim
x→−1−0

(x + 1) = 0;

f(−1 + 0) = lim
x→−1+0

f(x) = lim
x→−1+0

cos x = cos 1.

Òàê êàê f(−1+0) 6= f(−1−0) , íî îáà ïðåäåëà êîíå÷íû, òî x1 = −1 � òî÷êà ðàçðûâà
ïåðâîãî ðîäà.

x2 =
π

2
:

f
(π

2

)
= 0;

f
(π

2
− 0

)
= lim

x→π
2
−0

f(x) = lim
x→π

2
−0

cos x = 0;

f
(π

2
+ 0

)
= lim

x→π
2
+0

f(x) = lim
x→π

2
+0

(
x− π

2

)
= 0.

Òàê êàê f
(

π
2

)
= f

(
π
2
− 0

)
= f

(
π
2

+ 0
)
,

òî â òî÷êå x2 =
π

2
ôóíêöèÿ íåïðåðûâíà.

Ãðàôèê ôóíêöèè èçîáðàæåí íà ðèñ. 5.

ÇÀÄÀÍÈÅ 9.

Óñòàíîâèòü, ÿâëÿþòñÿ ëè äàííûå ôóíê-
öèè íåïðåðûâíûìè èëè ðàçðûâíûìè â òî÷êàõ x1 = 1 è x2 = −6 . Â ñëó÷àå ðàçðûâà
íàéòè èõ ïðåäåëû â òî÷êå ðàçðûâà ñëåâà è ñïðàâà, óñòàíîâèòü òèï ðàçðûâà. Ñäåëàòü
ñõåìàòè÷åñêèé ÷åðòåæ.

y1 = 11
1

x+6 ; y2 =
x2 + x + 1

6 + x
.

ÐÅØÅÍÈÅ.
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y1 = 11
1

x+6 .

y1(1) = 111/7;

y1(1− 0) = lim
x→1−0

11
1

x+6 = 111/7;

y1(1 + 0) = lim
x→1+0

11
1

x+6 = 111/7.

Òàê êàê y1(1) = y1(1− 0) = y1(1 + 0) , òî ôóíêöèÿ y1(x) íåïðåðûâíà â òî÷êå x1 = 1 .
Â òî÷êå x2 = −6 ôóíêöèÿ íå îïðåäåëå-
íà. Çíà÷èò, ýòî òî÷êà ðàçðûâà.

y1(−6− 0) = lim
x→−6−0

11
1

x+6 =
(
11−∞

)
= 0;

y1(−6 + 0) = lim
x→−6+0

11
1

x+6 =
(
11+∞)

= +∞.

Â òî÷êå x2 = −6 ôóíêöèÿ y1(x) òåðïèò
ðàçðûâ âòîðîãî ðîäà.
Ãðàôèê ôóíêöèè èçîáðàæåí íà ðèñ. 6.

y2 =
x2 + x + 1

6 + x
.

y2(1) =
3

7
;

y2(1− 0) = lim
x→1−0

x2 + x + 1

6 + x
=

3

7
;

y2(1 + 0) = lim
x→1+0

x2 + x + 1

6 + x
=

3

7
.

Òàê êàê y2(1) = y2(1− 0) = y2(1 + 0) , òî ôóíêöèÿ y2(x) íåïðåðûâíà â òî÷êå x1 = 1 .
Â òî÷êå x2 = −6 ôóíêöèÿ íå îïðåäåëå-
íà. Çíà÷èò, ýòî òî÷êà ðàçðûâà.

y2(−6− 0) = lim
x→−6−0

x2 + x + 1

6 + x
= −∞;

y2(−6 + 0) = lim
x→−6+0

x2 + x + 1

6 + x
= +∞.

Â òî÷êå x2 = −6 ôóíêöèÿ y2(x) òåðïèò
ðàçðûâ âòîðîãî ðîäà. Ãðàôèê ôóíêöèè
èçîáðàæåí íà ðèñ. 7.

ÇÀÄÀÍÈÅ 10.

Íàéòè ïðîèçâîäíûå
dy

dx
çàäàííûõ ôóíêöèé. Â ïóíêòå ä) ôóíêöèÿ çàäàíà íåÿâíî.

à) y =
1

x
−

√
1 + x

1− x
.

ÐÅØÅÍÈÅ.
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y′ = − 1

x2
− 1

2

√
1− x

1 + x
· 1− x + 1 + x

(1− x)2
= − 1

x2
− 1√

(1 + x)(1− x)3
.

á) y = (x3 + tg3 2x)2 .

ÐÅØÅÍÈÅ.

y′ = 2(x3 + tg3 2x)

(
3x2 + 3 tg2 2x · 1

cos2 2x
· 2

)
= 6(x3 + tg3 2x)

(
x2 +

2 sin2 2x

cos4 2x

)
.

â) y = x · arcsin(cos 0,5x) .

ÐÅØÅÍÈÅ.

y′ = arcsin(cos 0,5x) + x · 1√
1− cos2 0,5x

· (− sin 0,5x) · 0,5 =

= arcsin(cos 0,5x)− 0,x sin 0,5x

sin 0,5x
= arcsin(cos 0,5x)− 0,5x.

ã) y = (x + 2)ctg x .

ÐÅØÅÍÈÅ.

ln y = ctg x ln(x + 2)

(ln y)′ = − 1

sin2 x
ln(x + 2) +

ctg x

x + 2

y′ = y(ln y)′ = (x + 2)ctg x

(
ctg x

x + 2
− ln(x + 2)

sin2 x

)
.

ä) xy2 − y3 = 4x− 5 .

ÐÅØÅÍÈÅ.

y2 + 2xyy′ − 3y2y′ = 4.

Âûðàæàåì èç ýòîãî ðàâåíñòâà y′ :

(2xy − 3y2)y′ = 4− y2.
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Îòñþäà

y′ =
4− y2

y(2x− 3y)
.

ÇÀÄÀÍÈÅ 11.

Íàéòè ïðîèçâîäíûå
dy

dx
è

d2y

dx2
ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè. x =

√
t

y =
1√

1− t

ÐÅØÅÍÈÅ.

dy

dx
=

y′t
x′t

.

Íàõîäèì:

x′t =
1

2
√

t
;

y′t =
1

2
√

(1− t)3
.

Òîãäà
dy

dx
=

√
t√

(1− t)3
.

Ïóñòü u(t) =
dy

dx
(t) . Òîãäà

d2y

dx2
=

du

dx
=

u′t
x′t

.

Íàõîäèì:

du

dt
=

1

2
√

t
√

(1− t)3
+

3

2
·

√
t√

(1− t)5
=

(1− t) + 3t

2
√

t
√

(1− t)5
=

2t + 1

2
√

t
√

(1− t)5
.

Òîãäà
d2y

dx2
=

(2t + 1) · 2
√

t

2
√

t
√

(1− t)5
=

2t + 1√
(1− t)5

.

ÇÀÄÀÍÈÅ 12.

Ñîñòàâèòü óðàâíåíèÿ êàñàòåëüíîé è íîðìàëè ê ãðàôèêó ôóíêöèè y =
x2

10
+3 â òî÷êå

ñ àáñöèññîé x0 = 2 .

ÐÅØÅÍÈÅ.
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Íàõîäèì:

x0 = 2;

y0 = y(x0) =
17

5
.

Äàëåå,
y′(x) =

x

5
,

ïîýòîìó

y′(x0) =
2

5
.

Óðàâíåíèå êàñàòåëüíîé èìååò âèä:

y = y0 + y′(x0)(x− x0).

Â íàøåì ñëó÷àå

y =
17

5
+

2

5
(x− 2),

èëè

y =
2

5
x +

13

5
.

Óðàâíåíèå íîðìàëè èìååò âèä:

y = y0 −
1

y′(x0)
(x− x0).

Â íàøåì ñëó÷àå

y =
17

5
− 5

2
(x− 2),

èëè

y = −5

2
x +

42

5
.
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